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ABSTRACT 
In this paper, the differential variant of the tau method and its error 
estimation for initial value problem of the special class of third order 
overdetermined ordinary differential equation is considered. The error 
estimation is based on the error polynomial of the economisation of 
power series. The ��ℎ  degree approximant is derived for the 

estimated error using the initial condition �(��) = 
� =
�� , �′(��) = 
� = ��, �′′(��) = 
� = 2��.  then the ��′�  and 
the tau parameters for various value of n is determined. Numerical 
experiments were given to illustrate the effectiveness of the method. 

 
INTRODUCTION 

Tau method approximate solution of a 
given differential equation defined on a compact 
[a,b] is obtained by adding to the right hand side 
of the equation a specific minimal polynomial 

perturbation term ��(�) which plays the role of 
a representation of zero in [a,b] be elements of a 
given subspace of polynomials. The procedures 
based on the Tau method have been studied with 
the techniques being applied to more general 
equations as well as the nonlinear equations. 
(Yisa and Adeniyi, 2015). In this direction, 
Lanczos (1975) developed a modification based 
on the use of canonical polynomials. Also, two 
variants namely the differential and the integrated 
formulations were discussed by Ojo and Adeniyi 
(2012). However, Adeniyi (2008) based the error 
of Lanczos economization process to construct a 
polynomial error approximant of the error function 
��(�) of the Lanczos Tau Method for ordinary 
differential equations, where he modified the 
approximant by perturbing some of the 
homogeneous conditions of ��(�) . Yisa and 
Adeniyi (2012) developed a generalization of the 
canonical polynomials for over-determined order 
ordinary differential equations (ODEs). Moreover 
Issa et al. (2017) discussed the numerical method 
for solving non-linear ordinary differential 
equations based on the generalized tau 

approximant. The error estimation of the tau 
method for both linear and non linear odinary 
differential equations overdetermined and non 
overdetermined type were also examined and 
generalized with the use of Chebyshev 
polynomials as perturbed term. 
  Adeniyi and Ma’ali (2012) reported an 
error estimation of the integrated variant of the tau 
method for Initial Value Problems (IVPs) for the 

class of equations for which � + � ≤ 3 where 
m and s are the order and number of over 
determination respectively. Badeggi et al. (2017) 
derived a generalized formula or recurrence 
relation for the integrated variant of the tau method 
which captures the general class of problems 
involving m-th order ordinary differential 
equations. Also Ajiya  et al .(2018) investigated a 
generalized differential formulation of the Lanczos  
approximant of the error function for certain fourth 
order boundary value problems with first degree 
over-determination in ODEs which is based on a 
modification of the error of Lanczos economization 
process. Other numerical methods be found in 
(Peter, 2017, 2018, Peter et.al. 2019, 2020, and 
2021). 

In this study the differential form of tau 
method and its error estimation for a class of third 
order differential equation is presented.  
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THE DIFFERENTIAL FORM OF TAU METHOD 
 Let us consider the m-th order linear differential system, that is  

 ���(�) = ∑�� � !�(�)��
(�)(�) = "(�) + ��(�) (1) 

  

 �∗��(��$) = ∑�� � ��$��
(�)(��$) = �$ ,        & = 1(1)� (2) 

 The idea of Lanczos is to approximate the solution of the differential equation by an n-th degree polynomial 
function  

 ��(�) = ∑�� � ���� , � < ∞ (3) 
 to give the exact solution of a perturbed equation obtained by adding to the perturbation term of the right hand 
side of the polynomial. The polynomial satisfies  

 ���(�) = ∑�� � *�(�)��
(�)(�) = "(�) + ��(�) (4) 

 where  

 ��(�) = ∑�+,-�� � .�+,-�/�-�+�+�(�). (5) 
 where ��(�) is taken as a linear combination of power of � multiplied by chebyshev polynomial. We equate 

the corresponding coefficients of � and also using the initial conditions, we then find the solution of the system 
of equation. 

 
The Differential Form of the Tau method for a Class of Third Order Differential Equations 

 The third order initial value problem  

 �′′′(�) + (*�� + *��� + *����)�′(�) + (*�� + *���)�(�) = 0 (6) 
  

 �(��) = 
�, �′(��) = 
�, �′′(��) = 
�  
 is considered, where *��, *��, *��, *��, *�� are given real constants. 
Let  

 ��(�) = ∑�� � ����  (7) 
 be the approximate solution of (6). This satisfies the perturbed equation  

 ���(�) = "(�) + ��(�) (8) 

 where the perturbation term ��(�) is  

 ��(�) = ∑�+,-�� � .�+,-�/�-�+�+�(�)          0 ≤ � ≤ 1 (9) 
 where � and � denote the number of over determination and the order of differential equation respectively.  

 /�(�) = cos{�cos-� 6�7-(8-9)
8-9 :} (10) 

 is the �<=  degree chebyshev polynomial in [a,b]. In this case � = 3, � = 1. 
using (10), the chebychev polynomial in [0,1] is  

 /�(�) = cos[�cos-�(2� − 1)] (11) 
 and the recurrence relation is given by  

 /�+�(�) = 2(2� − 1)/�(�) − /�-�(�) (12) 
 

Derivation of a nth degree Approximant 

 Consider the left hand side of (6), that is  

 
��(�) ≡ B CD

C7D + (*�� + *��� + *����) C
C7 + (*�� + *���)E �(�)

 

 Therefore  

 ���(�) = ∑�� � �(� − 1)(� − 2)����-F + (*�� + *��� + *����) ∑�� � �����-� +
(*�� + *���) ∑�� � ����  (13) 
 Thus 
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���(�) = ∑�� � �(� − 1)(� − 2)����-F + *�� ∑�� � �����-� + *�� ∑�� � ����� + *�� ∑�� � �����+� +
    *�� ∑�� � ���� + *�� ∑�� � ����+�

  (14) 
 Putting � = & + 3, & + 1, &, & − 1, &, & − 1 into the first, second, third, fourth, fifth, and sixth term of the 
series respectively, we obtain 

 

���(�) = ∑�-F� � (& + 3)(& + 2)(& + 1)�$+F�$ + *�� ∑�-�� � (& + 1)�$+��$ + *�� ∑�� � &�$�$� +
    *�� ∑�+�� � (& − 1)�$-��$ + *�� ∑�� � �$�$ + *�� ∑�+�� � �$-��$
    = *��(�����-� + (� − 1)��-���-�) + *��(����� + (� − 1)��-���-� +
    (� − 2)��-���-�) + *��(�����+� + (� − 1)��-��� + (� − 2)��-���-� +
    (� − 3)��-F��-�) + *��(���� + ��-���-� + ��-���-�) + *��(����+� +
    ��-��� + ��-���-� + ��-F��-�) + ∑�-F� {*��(& + 1)�$+� + *��&�$ +
    *��(& − 1)�$-� + *���$ + *���$-� + (& + 3)(& + 2)(& + 1)�$+F}�$

  (15) 
For the RHS, we have  

 

���(�) = .G/�-�(�) + .F/�-�(�) + .�/�(�) + .�/�+�(�)
    = .G ∑�-�� � H�

(�-�)�� + .F ∑�-�� � H�
(�-�)�� + .� ∑�� � H�

(�)�� + .� ∑�+�� � H�
(�+�)��

    = (.GH�-�
(�-�) + .FH�-�

(�-�) + .�H�-�
(�) + .�H�-�

(�+�))��-� + (.FH�-�
(�-�) + .�H�-�

(�) +
    .�H�-�

(�+�))��-� + (.�H�
(�) + .�H�

(�+�))�� + (.�H�+�
(�+�))��+� + ∑�-F� (.GH$

(�-�) +
    .FH$

(�-�) + .�H$
(�) + .�H$

(�+�))�$

(16) 

 Equating corresponding coefficients give,  
 

*��(� − 1)��-� + *��(� − 2)��-� + *��(� − 3)��-F + *����-� + *����-F = .GH�-�
(�-�) +

.FH�-�
(�-�) + .�H�-�

(�) + .�H�-�
(�+�)

*����� + *��(� − 1)��-� + *��(� − 2)��-� + *����-� + *����-� = .FH�-�
(�-�) +

.�H�-�
(�) + .�H�-�

(�+�)

*����� + *��(� − 1)��-� + *���� + *����-� = .�H�
(�) + .�H�

(�+�)

*����� + *���� = .�H�+�
(�+�)

*��(& + 1)�$+� + *��&�$ + *��(& − 1)�$-� + *���$ + *���$-� +
(& + 3)(& + 2)(& + 1)�$+F = .GH$

(�-�) + .FH$
(�-�) + .�H$

(�) + .�H$
(�+�);     & = 1,2,3, . . . , � − 3

  (17) 
 Using the initial conditions, we have  

 �(��) = 
� = ��,    �′(��) = 
� = ��,    �′′(��) = 
� = 2��  
 This system of equation is to be solved for the determination of ��  ,� and the tau parameters for 

various values of n. consequently, from (7) we obtain the desired tau approximation ��(�) of �(�).  
 

ERROR ESTIMATION 
 We consider the error estimation for the class of problem  

 �′′′(�) + (*�� + *��� + *����)�′(�) + (*�� + *���)�(�) = 0 (18) 
  

 �(��) = 
�, �′(��) = 
�, �′′(��) = 
�  
 The error function  

 ��(�) = �(�) − ��(�) (19) 
 Following Issa K. et al. (2017). The error approximant of the polynomial  
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 (��(�))�+� = JKLM(7)NKOMPQ(7)
RKOMPQ

(KOMPQ)  (20) 

 satisfies the perturbed error problem  

 �(��(�))�+� = �S�+�(�) − ��(�) (21) 
 where  

 �S�+�(�) = ∑�+,-�� � .̃�+,-�/�-�+�+�(�)          0 ≤ � ≤ 1 (22) 
 which implies  

 �(��(�))�+� = ∑�+,-�� � .̃�+,-�/�-�+�+� − ∑�+,-�� � .�+,-�/�-�+�+�  (23) 
 then  

 �′′′(�) + (*�� + *��� + *����)�′(�) + (*�� + *���)�(�) = �U�+�(�) − ��(�) (24) 
 

 6 CD
C7D + (*�� + *��� + *����) C

C7 + (*�� + *���): (��(�))�+� = �S�+�(�) − ��(�) (25) 

 
In this case, we consider 

 

 
V�(�) = (� − ��)�,              (� = 3)

 

 

 (��(�))�+� = JK(7-7W)MNKOX(7)
RKOX

(KOX) = JK7DNKOX(7)
RKOX

(KOX)  (26) 

  

 (��(�))�+� = Y ∑�-�� � H�
(�-�)��+F (27) 

 where Y = JK
RKOX

(KOX) 

Now, From equation (25) we have 
 

(��
(F)(�))�+� + (*�� + *��� + *����)(��

(�)(�))�+� + (*�� + *���)(��(�))�+� =
∑F� � .G̅-�/�-�+�(�) − ∑F� � .G-�/�-�+�(�) (28) 

 

From equation (27)  

 

(��(�))�+� = Y ∑�-�� � H�
(�-�)��+F

(��
(�)(�))�+� = Y ∑�-�� � (� + 3)H�

(�-�)��+�

(��
(�)(�))�+� = Y ∑�-�� � (� + 3)(� + 2)H�

(�-�)��+�

(��
(F)(�))�+� = Y ∑�-�� � (� + 3)(� + 2)(� + 1)H�

(�-�)��

 (29) 

 

Substituting equation (29) into (28), we have  
 

Y ∑�-�� � (� + 3)(� + 2)(� + 1)H�
(�-�)�� + (*�� + *��� + *����)Y ∑�-�� � (� + 3)H�

(�-�)��+� +
(*�� + *���)Y ∑�-�� � H�

(�-�)��+F = .̃� ∑�+�� � H�
(�+�)�� + .̃� ∑�+�� � H�

(�+�)�� + .̃F ∑�� � H�
(�)�� +

.̃G ∑�-�� � H�
(�-�)�� − .� ∑�+�� � H�

(�+�)�� − .� ∑�� � H�
(�)�� − .F ∑�-�� � H�

(�-�)�� − .G ∑�-�� � H�
(�-�)��

  (30) 

 Equating the corresponding power of ��+�, ��+�, … , ��-� gives  
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.̃� H�+�
(�+�) = Y[*��(� + 1) + *��] H�-�

(�-�)

.̃� H�+�
(�+�) + (.̃� − .�) H�+�

(�+�) = Y`[*��(� + 1) + *��] H�-�
(�-�) + [*��(�) + *��] H�-F

(�-�)a
.̃� H�

(�+�) + (.̃� − .�) H�
(�+�) + (.̃F − .�) H�

(�) = Y`[*�� + (� + 1)] H�-�
(�-�) +

    [*��(�) + *��] H�-�
(�-�) + [*��(� − 1) + *��] H�-G

(�-�)a
.̃� H�-�

(�+�) + (.̃� − .�) H�-�
(�+�) + (.̃F − .�) H�-�

(�) + (.̃G − .F) H�-�
(�-�) =

    Y`[*��(�)] H�-F
(�-�) + [*��(� − 1) + *��] H�-G

(�-�) + [*��(� − 2) + *��] H�-b
(�-�)a

.̃� H�-�
(�+�) + (.̃� − .�) H�-�

(�+�) + (.̃F − .�) H�-�
(�) + (.̃G − .F) H�-�

(�-�) − .G H�-�
(�-�) =

    Y`[(� + 1)(�)(� − 1)] H�-�
(�-�) + [*��(� − 1)] H�-G

(�-G) + [*��(� − 2) + *��] H�-b
(�-�) +

    [*��(� − 3) + *��] H�-c
(�-�)a

Makinguseofthefollowingrelation
 H$

($) = 2�$-�

 RrOQ
(r)

 Rr
(r) = − �

� &, H�-�
(�) = −� 2��-�

Then  the above system leads to
.̃� H�+�

(�+�) = Y[*��(� + 1) + *��] H�-�
(�-�)

.̃� H�+�
(�+�) = JK

 RKOX
(KOX) [*��(� + 1) + *��] H�-�

(�-�)

.̃� = JK
 RKPX

(KPX) [*��(� + 1) + *��]
Let  *��(� + 1) + *�� = z�
.̃� = {QJK

 RKPX
(KPX) = JK

�XKPD ⋅ z�

.̃� H�+�
(�+�) + (.̃� − .�) H�+�

(�+�) = Y`[*��(� + 1) + *��] H�-�
(�-�) + [*��(�) + *��] H�-F

(�-�)a
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{QJK
 RKPX

(KPX) ⋅  H�+�
(�+�) + (.̃� − .�) H�+�

(�+�) = JK
 RKOX

(KOX) `[*��(� + 1) + *��] H�-�
(�-�) +

    [*��(�) + *��] H�-F
(�-�)a

− �
� (� + 2)z�}� + 2�(�+�)-�(.̃� − .�) = }� ~[*��(� + 1) + *��] − �

� (� − 2)[*��(�) + *��]�
2��+�(.̃� − .�) = }� ~[*��(� + 1) + *��] − �

� (� − 2)[*��(�) + *��]� + �
� (� + 2)z�}�

= }� ~[*��(� + 1) + *��] − �
� (� − 2)[*��(�) + *��]� + �

� (� + 2)z�
= �

� }�{[*��(� + 1) + *��] − (� − 2)[*��(�) + *��] + (� + 2)z�}
2��+�(.̃� − .�) ⋅  2 = }�{2[*��(� + 1) + *��] − (� − 2)[*��(�) + *��] + (� + 2)z�}
2��+�(.̃� − .�) = }�z�
Where  z� = 2[*��(� + 1) + *��] − (� − 2)[*��(�) + *��] + (� + 2)z�
.̃� − .� = JK

�XKPX ⋅ z�
.̃� H�

(�+�) + (.̃� − .�) H�
(�+�) + (.̃F − .�) H�

(�) = Y`[*�� + (� + 1)] H�-�
(�-�) +

    [*��(�) + *��] H�-�
(�-�) + [*��(� − 1) + *��] H�-G

(�-�)a
⇒  {QJK

 RKPX
(KPX) ⋅  H�

(�+�) + JK
�XKPX ⋅ z� ⋅  H�

(�+�) + (.F − .�) H�
(�) = JK

 RKOX
(KOX) {[*�� + (� + 1)] +

     H�-�
(�-�)[*��(�) + *��] H�-�

(�-�) + [*��(� − 1) + *��] H�-G
(�-�)�

⇒  (.F − .�) H�
(�) = JK

 RKOX
(KOX) ~[*�� + (� + 1)] H�-�

(�-�) + [*��(�) + *��] H�-�
(�-�)

    +[*��(� − 1) + *��] H�-G
(�-�) − {QJK

 RKPX
(KPX) ⋅  H�

(�+�) − {XJK
�XKPX ⋅  H�

(�+�)�
(.F − .�) ⋅  2��-� = }�[*�� + (� + 1)] + }�[*��(�) + *��] + JK

 RKOX
(KOX) ⋅  [*��(� − 1) + *��] H�-G

(�-�) −
    {QJK

R(�+�)KPX
⋅  H�

(�+�) − {XJK
�XKPX ⋅  H�

(�+�)

   (31) 
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(.F − .�) ⋅  2��-� = }� �[*�� + (� + 1)] + [*��(�) + *��] + [�QX(�-�)+�WQ] RKO�
(KOX)

 RKOX
(KOX) −

    {Q
 RKPX

(KPX) ⋅  H�
(�+�) − {X

�XKPX ⋅  H�
(�+�)�

= }� �[*�� + (� + 1)] + [*��(�) + *��] + [�QX(�-�)+�WQ] RKO�
(KOX)

�XKO� − {Q
�XKPD ⋅  H�

(�+�) −
    {X

�XKPX ⋅ (� + 1)2���
= }� �[*�� + (� + 1)] + [*��(�) + *��] + [�QX(�-�)+�WQ] RKO�

(KOX)

�XKO� − {Q
�XKPD ⋅  H�

(�+�) +
    4z�(� + 1)}
= }�zF
.̃F − .� = {DJK

�XKOQ

.̃� H�-�
(�+�) + (.̃� − .�) H�-�

(�+�) + (.̃F − .�) H�-�
(�) + (.̃G − .F) H�-�

(�-�) =
    Y`[*��(�)] H�-F

(�-�) + [*��(� − 1) + *��] H�-G
(�-�) + [*��(� − 2) + *��] H�-b

(�-�)a
{QJK

 RKPX
(KPX) ⋅  H�-�

(�+�) + {XJK
�XKPX ⋅  H�-�

(�+�) + {DJK
�XKOQ ⋅  H�-�

(�) + (.̃G − .F) H�-�
(�-�) =

JK
 RKOX

(KOX) ~[*��(�)] H�-F
(�-�) + [*��(� − 1) + *��] H�-G

(�-�) + [*��(� − 2) + *��] H�-b
(�-�)�

(.̃G − .F) H�-�
(�-�) = JK

 RKOX
(KOX) *��(�) H�-F

(�-�) + JK
 RKOX

(KOX) [*��(� − 1) + *��] H�-G
(�-G) +

    JK
 RKOX

(KOX) [*��(� − 2) + *��] H�-b
(�-�) − {QJK

 RKPX
(KPX) ⋅  H�-�

(�+�) + {XJK
�XKPX ⋅  H�-�

(�+�) +
    {DJK

�XKOQ ⋅  H�-�
(�)

(.̃G − .F) H�-�
(�-�) = − �

� (� − 2)}�*��(�) + JK[�QQ(�-�)+�WW] RKO�
(KOX)

�X(KOX)OQ +
    JK[�QX(�-�)+�WQ] RKO�

(KOX)

�X(KOX)OQ − {QJK
�X(XPX)OQ ⋅  H�-�

(�+�) − {XJK
�XKPX ⋅  H�-�

(�+�) −
    {DJK

�XKOQ ⋅  −� 2��-�

 (32) 
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(.̃G − .F) H�-�
(�-�) = �− �

� (� − 2)*��(�) + [�QQ(�-�)+�WW] RKO�
(KOX)

�XKO� +
[�QX(�-�)+�WQ] RKO�

(KOX)

�XKO�) − {Q RKOQ
(KPX)

�XKPD − {X
�XKPX ⋅  H�-�

(�+�) + �
� � ⋅ zF�

.̃G − .F = JK
�XKOD ⋅ zG

.̃� H�-�
(�+�) + (.̃� − .�) H�-�

(�+�) + (.̃F − .�) H�-�
(�) + (.̃G − .F) H�-�

(�-�) − .G H�-�
(�-�) =

    Y`[(� + 1)(�)(� − 1)] H�-�
(�-�) + [*��(� − 1)] H�-G

(�-�) + [*��(� − 2) + *��] H�-b
(�-�) +

    [*��(� − 3) + *��] H�-c
(�-�)a

{Q
 RKPX

(KPX) ⋅  H�-�
(�+�) + JK

�XKPX ⋅ z� H�-�
(�+�) + {D

�XKOQ ⋅ }� ⋅  H�-�
(�) + JK

�XKOD ⋅ zG ⋅  H�-�
(�-�) −

.G 2��-b = JK
 RKOX

(KOX) ~(� + 1)(�)(� − 1) H�-�
(�-�) + [*��(� − 1)] H�-G

(�-�) + [*��(� − 2) + *��]
     H�-b

(�-�) + [*��(� − 3) + *��] H�-c
(�-�)� − .G 2��-b = }�

    JK
 RKPX

(KPX) ⋅ z� ⋅  H�-�
(�+�) + JK

�XKPX ⋅ z� H�-�
(�+�) + JK

�XKOQ ⋅ zF ⋅  H�-�
(�) +

    JK
�XKOD ⋅ zG ⋅  H�-�

(�-�) −
.G 2��-b = }� �(� + 1)(�)(� − 1) + [�QW(�-�)] RKO�

(KOX)

�XKO� + [�QQ(�-�)+�WW] RKO�
(KOX)

�XKO� +

    [�QX(�-F)+�WQ] RKO�
(KOX)

�XKO� − {Q
�XKPD ⋅  H�-�

(�+�) − {X
�XKPX ⋅  H�-�

(�+�) −
    {D

�XKOQ ⋅  H�-�
(�) + zG ⋅ �

� (� − 1)�
.G ⋅  2��-b = }� ~ {Q

�XKPD ⋅  H�-�
(�+�) − {X

�XKPX ⋅  H�-�
(�+�) + {D

�XKOQ ⋅  H�-�
(�) − zG ⋅ �

� (� − 1) −
    (� + 1)(�)(� − 1) − [�QW(�-�)] RKO�

(KOX)

�XKO� + [�QQ(�-�)+�WW]
�XKO�  H�-b

(�-�) −
    [�QX(�-F)+�WQ] RKO�

(KOX)

�XKO� �

   (33) 
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where
zb = {Q

�XKPD ⋅  H�-�
(�+�) − {X

�XKPX ⋅  H�-�
(�+�) + {D

�XKOQ ⋅  H�-�
(�) − zG ⋅ �

� (� − 1) −
    (� + 1)(�)(� − 1) − [�QW(�-�)] RKO�

(KOX)

�XKO� + [�QQ(�-�)+�WW]
�XKO�  H�-b

(�-�) −
    [�QX(�-F)+�WQ] RKO�

(KOX)

�XKO�

zG = − �
� (� − 2)*��(�) + [�QQ(�-�)+�WW] RKO�

(KOX)

�XKO� + [�QX(�-�)+�WQ] RKO�
(KOX)

�XKO�) −
    {Q RKOQ

(KPX)

�XKPD − {X
�XKPX ⋅  H�-�

(�+�) + �
� � ⋅ zF

zF = [*�� + (� + 1)] + [*��(�) + *��] + [�QX(�-�)+�WQ] RKO�
(KOX)

�XKO� − {Q
�XKPD ⋅  H�

(�+�) +
    4z�(� + 1)
z� = 2[*��(� + 1) + *��] − (� − 2)[*��(�) + *��] + (� + 2)z�
z� = *��(� + 1) + *��

 

  
NUMERICAL EXAMPLES AND RESULTS 

  
Numerical Examples 

 We consider here three selected numerical problems for experimentation with our results of 
preceding section, using different values of *��, *��, *��, *��, *�� 

Example 1  

 �′′′(�) + (1 + ��)�′(�) − ��(�) = 0              0 ≤ � ≤ 1  
  

 �(0) = 1,      �′(0) = 0,      �′′(0) = 1  
 For this example, *�� = 0, *�� = −1, *�� = 1, *�� = 0, *�� = 1 and from the initial condition 

we have  

 �� = 1, �� = 0, �� = �
�  

 Example 2  

 �′′′(�) + (1 − � + 2��)�′(�) + (1 + 2�)�(�) = 0 
�(0) = 0, �′(0) = 1, �′′(0) = 0  

 For this example, *�� = 1, *�� = 2, *�� = 1, *�� = −1, *�� = 2 and from the initial condition 
we have  

 �� = 0, �� = 1, �� = 0  
  

Numerical Results 
 The numerical results for these examples are presented in the tables below 
 

Table  1: Estimated error for problem 1  

 x |�b(�)
− �G(�)| 

|�c(�)
− �b(�)| 

|��(�)
− �c(�)| 

|��(�)
− ��(�)| 

|��(�)
− ��(�)| 

|���(�)
− ��(�)| 

0.0 0.00 0.00 0.00 0.00 0.00 0.00 

0.1 2.41 × 10-c 7.47 × 10-� 1.43 × 10-� 3.90 × 10-� 6.00 × 10-� 0.00 

0.2 3.67 × 10-b 1.07 × 10-b 1.84 × 10-c 4.22 × 10-� 4.90 × 10-� 0.00 × 10-� 

0.3 1.77 × 10-G 4.78 × 10-b 7.47 × 10-c 1.53 × 10-c 1.60 × 10-� 1.00 × 10-� 

0.4 5.29 × 10-G 1.33 × 10-b 1.89 × 10-b 3.48 × 10-c 3.37 × 10-� 1.00 × 10-� 

0.5 1.22 × 10-F 2.85 × 10-G 3.68 × 10-b 6.30 × 10-c 6.04 × 10-� 1.60 × 10-� 

0.6 2.39 × 10-F 5.16 × 10-G 6.13 × 10-b 1.01 × 10-b 9.99 × 10-� 2.70 × 10-� 
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0.7 4.15 × 10-F 8.32 × 10-G 9.23 × 10-b 1.52 × 10-b 1.57 × 10-c 4.60 × 10-� 

0.8 6.62 × 10-F 1.23 × 10-F 1.30 × 10-G 2.19 × 10-b 2.32 × 10-c 6.40 × 10-� 

0.9 9.86 × 10-F 1.71 × 10-F 1.76 × 10-G 3.06 × 10-b 2.32 × 10-c 8.90 × 10-� 

1.0 1.39 × 10-� 2.26 × 10-F 2.33 × 10-G 4.11 × 10-b 4.37 × 10-c 1.20 × 10-� 

 
Table  2: Error estimate for problem 1  

 
Table  3: Estimated error for problem 2  

 x |�b(�)
− �G(�)| 

|�c(�)
− �b(�)| 

|��(�)
− �c(�)| 

|��(�)
− ��(�)| 

|��(�)
− ��(�)| 

|���(�)
− ��(�)| 

0.0 0.00 0.00 0.00 0.00 0.00 0.00 

0.1 1.83 × 10-G 5.38 × 10-c 2.21 × 10-c 4.85 × 10-� 2.56 × 10-� 1.12 × 10-� 

0.2 1.48 × 10-F 7.68 × 10-b 2.86 × 10-b 5.55 × 10-c 2.53 × 10-� 9.55 × 10-� 

0.3 5.05 × 10-F 3.45 × 10-G 1.16 × 10-G 2.00 × 10-b 8.14 × 10-� 2.81 × 10-� 

0.4 1.20 × 10-� 9.63 × 10-G 2.94 × 10-G 4.57 × 10-b 1.73 × 10-c 5.99 × 10-� 

0.5 2.36 × 10-� 2.06 × 10-F 5.74 × 10-G 8.28 × 10-b 3.10 × 10-c 1.13 × 10-c 

0.6 4.06 × 10-� 3.73 × 10-F 9.56 × 10-G 1.32 × 10-G 5.14 × 10-c 1.95 × 10-c 

0.7 6.41 × 10-� 6.01 × 10-F 1.44 × 10-F 1.99 × 10-G 8.05 × 10-c 3.07 × 10-c 

0.8 9.46 × 10-� 8.87 × 10-F 2.02 × 10-F 2.86 × 10-G 1.19 × 10-b 4.49 × 10-c 

0.9 1.11 × 10-� 1.23 × 10-� 2.73 × 10-F 3.98 × 10-G 1.66 × 10-b 6.25 × 10-c 

1.0 1.78 × 10-� 1.61 × 10-� 3.58 × 10-F 5.33 × 10-G 2.22 × 10-b 8.39 × 10-c 

 
Table  4: Error estimate for problem 2  

 N/Error Error estimate 

6 3.05 × 10-c 

7 2.71 × 10-� 

8 6.99 × 10-� 

9 1.72 × 10-� 

10 1.71 × 10-�� 

 

 
  The estimated error is defined as  
Estiimated error =|��+�(�) − ��(�)|, � = 4(1)10. The error estimate is given by 35  
 

CONCLUSION 
 The derivation of the tau method and 

its error estimate for a special class of third order 
differential equation has been presented. The 
subject of this study has been applied to two 
specific problems for which the true solutions are 

unknown. Consequently, the estimated error and 
error estimate were determined and both were 
found to improve, tending to converge to the 

expected true error, as � increases. 
 

 

 N/Error Error estimate 

6 4.00 × 10-� 

7 4.09 × 10-� 

8 2.62 × 10-� 

9 4.61 × 10-�� 

10 1.09 × 10-�� 
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