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ABSTRACT

Modeling of real life scenario help us to better understand and explain unforeseen eventualities when they take place,

thereby enabling us to reproduce such a scenario on 2 large and/ or on a simplfied scale aimed at describing critical
parts of the phenomenon. Leneralized Rayleigh Distribution can be used quigt effectively in modeling real ife scenario.

Lvery distribution model has a set of parameters that needs to be estimated. In this work, a Bayesian estimate of the shape
parameter af Leneralized Rayleigh Distribution was considered under the assumption of conjugate (gamma) prior. The
Bayes estimates were obtained under both symmetric and asymmetric loss functions. Ihe performances of these
estimates were compared using Monte Larlo simulation. It is observed that the estimates under the asymmetric loss
function shghtly perform better than those under the symmetric /oss function.

Keywords: Bayes estimators, Conjugate prior, Squared error loss function, Entropy loss function, Precautionary loss
function

INTRODLCTION

Several reseachers such as Burr (1942), Ana,
eta/(2013), Hamdy and Mahmoud (2014) and so on have
studied and developed different distribution functions
that can be used in modeling lifetime data. Twelve
different families of this kind were suggested by Burr
(1942). Among  these  suggested families  of
distributiondeveloped, Burr Type X and Burr Type Xl
distributions were the most popular distributions and
hence, they receives the most attention.

In 2001, Surles and Padgett extended Burr Type
X distribution to a two parameter distribution. This
distribution was named Generalized Rayleigh Distribution
by Kundu and Raqab (2003), Lio, ££4/(2011) and Abdel-
Hady (2013), this name will be adopted in this work. For
@ >0 and y >0, the two-parameter GRD will be
denoted by GR(¢,y) and its cumulative distribution
function is given by:

Fx; ¢,7) = (1 - e~ @) for x, @, ¥ >0 ()
Its probability density function (pdf) is given by:

f(x @,7) = 2¢y2x(1— e‘(}”“)z)(p_ie‘(}”‘)2 (2)
where ¢ and y are shape and scale parameters respectively.
Survival function S(x; @,y) = 1 —F(x @,y) = 1—(1— e—fysz)fﬂ (3)

Aliyu, Y. & Abubakar, Y. Copyright © 2017 JOSTE. All Rights Reserved (www.atbuftejoste.com)

109



ATBU, Journal of Science, Technology & Education (JOSTE); Vol. 5 (1), March, 2017

ISSN: 2277-0011

_fley)

-1
2@Y2x(1_e—(}'x)2)m e—(rx)?

Hazard function h(x; @,y) =5 o

GRD is widely used in modeling events that
occur in different fields such as medicine, social and
natural sciences. In Physics for instance, the Rayleigh
distribution is used in the study of various types of
radiation such as light and sound measurements. It is
used as a model for wind speed and is often applied to

1- (1—9-(“)2){#

(4)

wind driven electrical generation. For details, see
Samaila and Cenac (2006). It is also used in modeling
strength and lifetime data (Surles and Padgett (2001).
Lio, e¢a/, (2011), Kundu and Ragab, (2003)). Hence, the
GRD has a survival function and hazard function as
shown in (3) and (4) respectively.

Density function of Generalized Rayleigh Distribution for different shape parameters and scale parameter one
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Figure I: The Graph of Generalized Rayleigh Distribution for different values of shape parameters when the scale

parameter takes the value one

The graph of the distribution is shown in figure
| for different shape parameter values. It is clear from
figure | that the probability density function of a GRD is a
decreasing function if o < %2 and it is right skewed uni-
modal when o > /2 see also Kundu and Ragab, (2003).
They used six Non-bayesian methods of estimation in
estimating the parmeters of GRD. These methods are;
maximum likelihood method, modified moment estimator,

modified L-moment estimator, least squares estimator,
weighted least squares estimator and percentile-based
estimator. In the study, Monte-Carlo simulation was used
to compare the performances of the different
estimators mainly with respect to their biases and mean
square errors for different sample sizes and different
parameter values. |t was found that, the performances
of most of the methods are quite bad when the sample
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size is small (say n<l0). In particular, the estimation of
the shape parameter becomes very difficult for small
sample sizes. It was observed that, the biases of all the
methods are quite severe for small and moderate
sample sizes (n < 20). For moderate sample size, it was
shown that the least squares estimate performs quite
well and for large sample size, the weighted |east
squares estimate outperform the |east squares estimate
marginally. If mean square estimate is considered, the
weighted |east squares perform better than the rest in
most cases considered.

Ragab and Kundu (2005) studied different
methods of estimating R = P (Y < X) when Y and X both
follow GRD with different shape parameters but the
same scale parameter. It is observed that the MLEs of
the three unknown parameters can be obtained by
solving one non-linear equation for an unknown scale
parameter value. To solve for the unknown MLEs of the
parameters and MLE of R, the Researchers developed an
iterative procedure. Also, to compute the asymptotic
confidence intervals, the asymptotic distribution of R
was derived. The asymptotic confidence intervals were
found to work quite well even when the sample size is
small. Two bootstrap confidence intervals were also
proposed and their performances were also found to be
satisfactory. On the other hand, they compare MLE and
Uniformly Minimum Variance Unbiased Estimators with
different Bayes estimators when the scale parameter is
known. It is observed that the MLEs behave quite
similarly with the Bayes estimators with non-informative
priors.

Mahdi. (200B) estimate the parameters of a
Rayleigh distribution using five classical point estimation
techniques. These methods are: maximum likelihood
technique, moment method, probability weighted moment
method, least square method and least absolute
deviation method. He proposed the modified maximum
likelihood estimation method for the parameters and
compares it with the five classical techniques mentioned

above. In his comparison of the different methods
considered, all the methods performed reasonably well
except the method of moments. On the other hand, the
modified maximum likelihood method provides better
estimates for the parameters when the sample sizes
are moderate or large, while in the
samples, the probability weighted moment method
outperforms the maximum likelihood method for the
estimation of the threshold parameter and performs
almost as good as the maximum likelihood method
for the estimation of the scale parameter. Hence, Mahdi
recommends using the modified maximum likelihood
method for the parameter estimation of the Rayleigh
distribution if the sample size is large.

A conventional method for estimating the two

case of small

parameters of generalized Rayleigh distribution for
small sample size, medium sample size and large sample
size was suggested by (AL- Nageeb and Hamed (2009)).
The estimators were compared by using mean square
error (MSE) as a performance measure based on the
simulated data used in the study.

Pak, eral, (2013) study the problem of
estimating the scale parameter of Rayleigh distribution
under doubly type-Il censoring scheme when the lifetime
observations are fuzzy and are assumed to be related to
underlying crisp realization of a random sample. A new
method to determine the maximum likelihood estimate of
the scale parameter was proposed and its asymptotic
variance was derived using the missing information
principle. Abdel-Hady (2013) extended the Marshall and
Olkin's bivariate exponential model to the Generalized
Rivariate Rayleigh (GBR) Distribution. The CDF, pdf and
the conditional distribution of the GBR distribution were
computed. The maximum likelihood estimation procedure
for the estimation of the GBR parameters when all
parameters are unknown and the observed Fisher
Information Matrix were also derived.

Al - Kanani and Abbas, (2014) studied the

Bayesian and non-Bayesian (classical) methods in
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estimating the parameters of the GRD. The non-Bayesian
methods considered are the maximum likelihood
estimator and the moment estimator while the single
stage shrinkage estimator was determined and derived
for the Bayesian method. Reliability function and hazard
function were also obtained. Pathak and Chaturvedi,
(2014) explored and compared the performance of
uniformly minimum  variance unbiased as well as
maximum likelihood estimators  of the reliability
functions R(t) = PX >t) ad P =

BAYESIAN ESTIMATION OF THE PARAMETER

Bayesian estimation technique will be used to
estimate the shape parameter of the generalized
Rayleigh distribution assuming conjugate (gamma) and

Squared Error Loss Function
The squared error loss function is defined as
L(9.9) = @ —9)?

P(X >VY) for the two-parameter exponentiated
Rayleigh distribution. |t was observed that, the uniformly
minimum variance unbiased estimators of /) and "7
are superior to their maximum likelihood counterparts.

The rest of the paper is organized as follows: in section
two, we briefly describe the MLE. In section 3 we
describe the Bayesian method; Numerical comparisons
are presented in section 4 and we finally conclude in
section a.

non-conjugate (uniform) priors under the squared error
loss function, Entropy loss function and Precautionary
|oss function will be considered.

@)

the Bayes estimator of 9 denoted by Js,, relative to the squared error loss function is given by

ds, = E(@/x)

The squared error loss function is classified as
symmetric loss function, because it assigns equal
importance to the losses due to overestimation and
underestimation. This is impractical in real life situations
since overestimation of a parameter can lead to more
severe or |ess severe consequences than under
estimation or vice versa as in the estimation of
reliability or failure rate function. Hence, the loss
function which associate greater importance to

Entropy loss function

(9)
overestimation or underestimation and serves as
alternative to symmetric loss function is the asymmetric
|oss function. Several asymetric loss functions has been
proporsed and studied by many researchers such as
Entropy loss function, Precautionary loss function, LINEX
|oss function, weighted loss function, etc. This paper will
consider only Entropy loss function and Precautionary
lnss function

The Entropy loss which was discussed by Dey & Liu (1392) and Dey 2£4/(1387) is defined as

Le. (8,9) (g)k ~klog (2) -1

where 4 is an estimate of 9.

k+0 (D)

The Bayes estimator of 9 denoted by 9, relative to the entropy loss function is given by

Bg1, = [Ey (ﬂ_k)]_%

Aliyu, Y. & Abubakar, Y.

Copyright © 2017 JOSTE. All Rights Reserved (www.atbuftejoste.com)



ATBU, Journal ef Science, Technology & Education (JOSTE); Vol. 5 (1), March, 2017 ISSN: 2277-0011

provided Eg (97%) exist. If k=-1, the bayes estimator (Il) coincides with the bayes estimator under the squared error loss
function and for k=1, it coincides with the weighted squared error loss function.

Precautionary Loss Function
Norstrom, (1996) introduced an asymetric loss function called Precautionary loss function which is defined as

s oy _ (8-9)°
L(D,9) =5+~ (12)
the Bayes estimator of 9 denoted by Jp,, relative to the precautionary error loss function is given by
1
9 = (E¥?*/x))? (13)

Fayes estimates under the Gamma prior
Let ¢ have the following prior distribution,

(@) = %@a—le—bfﬂ fora,b,¢ >0 (29)

and let x4, x,, -+, x,, be a random sample from GR(¢, 1). then the likelihood of the observed data is as obtained in (13)

and the posterior density function of ¢ is given by equation (30)
. J ‘11+a-]l;_| n+ae— Nj
PO /X, %, X)=——— (30)
n+a
where H =b+ > In(l-e ™)  =b+M
i=1

from the above distribution, it is clear that the The Bayesian estimators of the shape

posterior distribution under the gamma prior is gamma
distributed with parameters (n + a) and H. Hence, the
gamma prior is said to be a conjugate prior, since the
posterior distribution is in the same class of distribution

with the prior distribution.
~  n+a
GSL H

; _1( In+a k
" Hlln+a-kK

Qo :(E(j 2))2=\}(n+a+1)(n+a) _;

HZ

parameter ¢ under the Squared error, Entropy and
Precautionary loss functions using gamma prior are
given by equations (31), (32) and (33) respectively

\/(n+a+1)(n+a) (33)

If H=b+M  andM ~ Gamma(n, ¢) then, the distribution of H given by

i "(H—b)"" g
f (H) =1 %

Aliyu, Y. & Abubakar, Y.

Copyright © 2017 JOSTE. All Rights Reserved (www.atbuftejoste.com)



ATBU, Journal of Science, Technology & Education (JOSTE); Vol. 5 (1), March, 2017 ISSN: 2277-0011

E(ijﬂ' [nl S L — (i b - (i by +--- [(3D)

H -1 (n-1)(n-2) (n-1)(n-2)(n-3) (n-1)(n-2)(n-3)(n-4)
R 2b X 3(1 b)’ |
E(%}ﬂ ,| (n=1)(n-2) (rll—lz(n—z)(n—S) (n-1)(n-2)(n-3)(n-4) a8
_ 4(i b) ‘.
| (n=1)(n-2)(n-3)(n-4)(n-5) |

Taking two terms in E( H ‘l) and three terms in E ( H ‘2) , then, Var (&j is given by

ar(ij: J 2 B 4:| % B j 492
)7 (1 (n-2) () (n-2)(n-3) (n-2)(n-2)

€1)
3.l Variance of the shape parameter under the Squared error, Entropy and Precautionary |oss functions are given by
- i 2 i 3 j b?(2n*-2n-6
var(j GS_)z(n+a)2 12 - . 4D + 12 ( 5 ) (38)
(n-1)°(n-2) (n-1)°(n-2)(n-3) (n-1)"(n-2)"(n-3)(n-4)

var - _ n+a K J 2 ~ 4J 3b N j 4b2(2n2—2n—6) ]
N = e e et

~ i 2 j (27 -2n-6
Vé’t‘(j G:L):(n-i-a-f-l)(n-l-a) 12 5 4 +— ( 5 ) (40)
(-17(n-2) (-1 (n-2(n-3) (n-17(n-2(n-3(n-4)
3.0.2  Risk of the estimators under the gamma prior
~ . .\\2 Nh+a
R(I"ea ) =E(i *)-(EG ) = e (4)
R(Iee ) =w n+an-k | ( In+a +Kin(n-1)-1 (42)
In+a—kln In+a-k
~ \/(n+a+1)(n+a) n+a
R(J GPL)_Z{ m 4 (43)
NUMERICAL COMPARISONS estimators with respect to biases and mean-squared
In this section, results of some numerical errors (MSEs) for different sample sizes (n= 15, 20, 30,
experiments were obtained in order to compare the a0 and 100) and different shape-parameter values (0.2,
performance of the estimators proposed in the previous 04, 1. 13, 2. and 2.5). All results are replicated 10000
section. Extensive Monte Carlo simulations were carried times and averaged over.

out to compare the performance of the different
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Table I: Average estimates and corresponding MSEs (within parenthesis) for ¢

n method j =02 =05 =0 j=a =2 | =13
lo | GSla=b=3 0.2742 0.0408 .0625 .abad 2.0624 2.3196
(0.0135) (0.0438) (01850) | (0.3302) (0.6384) | (10a63)
GSL a=b=I 0.2802 0.0483 .0643 .a306 19808 24072
(0.0146) (0.0520) (0.1340) | (D.4433) (0.8383) | (1.4826)
K=l 0.2677 0.0318 1.0423 .0283 2.0033 24870
GEL a=b=.3 (0.0124) (0.0464) (01720) | (0.3082) (0.6267) | (0.3861)
GEL a=b=| 0.2748 0.03a6 1.0332 4368 .9336 23384
(0.0132) (0.0477) (017533) | (0.33a7) (0.7688) | (1.3227)
K=-1 0.2666 0.5288 1.0400 .a342 20121 24723
GEL a=b=.3 (0.0121) (0.0463) (01674) | (0.3623) (D.6447) | (0.3388)
GEL a=b=| 0.2733 0.5360 0417 .a028 9364 2.3421
(0.0131) (0.0474) (0.1780) | (0.4087) (0.7737) | (13174)
GPL a=b=23 0.2831 0.0610 1.037 16182 21172 26025
(0.0137) (0.0284) (0.2100) | (D.4480) (0.7628) | (1.2036)
GPL a=b=I 0.2832 0.5662 1.0380 o816 2.0364 24631
(0.0163) (0.0603) (0.2242) | (0.a0a7) (0.9613) | (LbaaB)

As expected, from tables |, 2 and 3, it is
observed that the performances of all the Bayesian
estimates become better when sample size increases.
Also, the Bayesian estimates become closer as sample
size increases. Hence, the Bayesian estimators become
more stable as sample size increases. Careful
examination of the estimates reveals that when the

hyper-parameter values takes 0.3 (that is a=b=0.3), the
estimates are slightly better than the estimates when
the hyper-parameters takes the value I(that is a=b=l). It
is also observed under the gamma prior that the Bayes
estimates under the precautionary loss function is more
stable than the estimates under
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Table 2: Average estimates and corresponding MSEs (within parenthesis) for ¢
n method j =020 j =08 =0 | =5 | =2 ¢ =13

20 |GSLa=b=5 | 0.267B 05310 0516 | 5554 20409 | 25230
(0003) | (00344) | (0U283) | (02763) | (04BAN) | (D.7369)

BSL a=b-=l 0.2771 05357 | 1D44h | 1530 19898 | 24380
(00036) | (0.0352) | (DI2B0) | (0.2840) | (05223) | (0.88E4)

& 0.2818 05208 | 1037 15200 20075 | 24875
GEla=b=5 | (00084) | (@O31B) | (OM28) | (©2570) | (o448l | (0.6344)

BEL a=b=l 0.2870 05791 10787 | 15009 19566 | 2.384I
(00088) | (0.0329) | (0U20B) | (0.2682) | (D4373) | (D.828D)

K= 0.2821 0.5225 (0303 | 15258 20023 | 24724
BEla=b=5 | (00084) | (00325 |(©M220) | (0.2596) | (D4468) | (D.B7S0)

BEL a=b=l 0.2878 05280 | 10289 | 15085 19545 | 2.3842
(00089) | (00335) | (0U227) | (02680) | (04956) | (D8I6A)

BPLazb=5 | 02738 0.5449 (0732 | 15939 70950 | 2.5831
(000 | (0.0385) | (0U380) | (0304) | (D587 | (0.7995)

BPL a=b-=| 0.2778 0,518 10743 | 15880 20328 | 24934
(0004 | (0.0395) | (043D | (03157 | (05R94) | (08723)

30 | GSLa=b=5 | 0.2BIF 0.5229 (0331 | 15368 20303 | 25233
(00055) | (O020) | (00789) | (@I707) | (@30W) | (D4590)

BSL a=b=l 02838 | 05247 10347 | 1509 19924 | 24523
(00036) | (0020) | (0.0S0O) | (0U74) | (D.3044) | (04308

& 02584 | DSIE (0203 | 15064 20098 | 24845
BEla=b=5 | (0O0S) | (0.0200) | (D.0753) | (0063B) | (0.2827) | (0.4362)

BEL a=b=l 0.2618 05187 1090 | 15083 19781 24301
(00054) | (00200) | (O0750) | (QUB7B) | (0.2938) | (DA4774)

K= 0.2572 05150 (0205 | 15092 19983 | 2.4854
BEla=b=5 | (000S2) | (DOISB) | (D.OVBG) | (D067 | (D2BI3) | (D.4446)

BEL a=b=l 02800 | D58 10208 | 15009 19732 | 24204
(00054) | (0098) | (00752) | (0JB28) | (0.2987) | (D4726)

BPlach=5 | 0265 | DS306 | 10538 | 156G 70644 | 25569
(00058) | (00224) | (00844) | (0UB2D) | (0.3158) | (04B43)

BPL a=b-=| 02688 | 05350 | 10480 | 15485 2028 | 24352

(D.0oBD) | (0.0730) (0.0842) | (D.1813) (0.3192) | (D.a247)
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Table 3: Average estimates and corresponding MSEs (within parenthesis) for ¢

n methed | =025 | =05 =0 A5 =2 [ =25
50 |GSla=b=5 | 02562 | OS54 | (0207 | 15224 2078 | 25072
(00032) | (0.DNS) | (0.0437) | (D098 | (DI7I8) | (0.2626)

BSL a=b-! 02584 | DSM8 | 10173 15128 19977 | 24882
(00032) | (0ONS) | (0.0436) | (0.09B9) | (0I7IS) | (0.266D)

& 0250 | 0S077 | 1DI4 15101 20023 | 24872
BEla=b=5 | (0003D) | (DOIDS) | (0043D) | (DO945) | (DJBS4) | (0.2527)
BEL a=b=! 02562 | 0506 | 1008 15051 19833 | 24504
(00032) | (OOND) | (00433) | (0095D) | (DUB4T) | (0.2648)

K= 0250 | DS088 | (DI04 | 15020 20040 | 24309
BELa=b=5 | (0OO3D) | (0OID9) | (D04ZD) | (D.OS48) | (0UBSD) | (0.2590)
BEL a=b=! 02562 | DS (0129 | 15040 19816 | 24543
(0003) | (OON) | (00429) | (D0950) | (DUBBT) | (0.2652)

BPLasb=5 | 02588 | DG4 | 1029 15400 70348 | 2.5361
(00033) | (00I20) | (00462) | (DI0Z5) | (QU754) | (D.27I0)

BPL a=b-! D204 | D597 | 10317 | 15288 70198 | 25048
(0.0035) | (0.020) | (0.0462) | (0J003) | (0U783) | (0.281)

00 |GSLa=b=5 | 0.2513 05085 | 10037 | 15M7 2007 | 25022
(000IS) | (0.0DS4) | (D020 | (@D47) | (0.0823) | (D1284)

BSL a=b-! 02523 | 05076 | 10132 | 1506 19985 | 24857
(0001S) | (0.00S4) | (00214) | (00463) | (0.0824) | (0128D)

& 0.251 D506 | 10053 | 15069 20027 | 24347
GFla=b=5 | (0O0) | (000S4) | (0.0205) | (D.04BS) | (D.OBOB) | (DLI264)
BEL a=b=! 0.25i1 05055 | 100BY | 15022 19936 | 24743
(0001S) | (000S3) | (0020) | (D0463) | (0082) | (0.282)

K= 02505 | 050489 | 10050 | 1508 20002 | 24933
GELa=b=5 | (0OOI) | (0O0S3) | (DOZ0B) | (DO4ST) | (DOBID) | (DI263)
BEL o= 0.2512 05053 | 100BD | 150M4 19832 | 24785
(00018) | (000S2) | (0.0208) | (D04 | (D087 | (D1278)

BPlazb=5 | 0.2524 05085 | 10152 15207 20208 | 25207
(0.0020) | (D.00S4) | (D.D26) | (D.04B4) | (0.084D) | (0.1293)

BPL a=b-=| 02536 | 0S| L0 15027 20117 75007
(0.001S) | (0.00SS) | (O027) | (0.0469) | (0.084D) | (04303)

estimates under the entropy loss function are slightly
better than the estimates under the squared error loss
function. Hence, the Bayesian estimates under the

The squared error loss function and when
n<20, the estimates are also mare stable than that of
the entropy loss function. It is further observed that the
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asymmetric loss function should be used for estimating
the shape parameter of GRD when the scale parameter
is known.

CONCLUSION

In this paper, Bayesian estimation of the shape
parameter of a generalized Rayleigh distribution is
considered. A gamma prior on the shape parameter is
assumed and the Bayes estimators under squared errar,
Entropy and Precautionary loss functions are provided.
Comparison between the performances of the different
Rayes estimators were carried out and it was observed
that Bayes estimators under the asymmetric loss
functions are better than the Bayes estimator under
symmetric loss function.
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