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Abstract

The effect of correlation on statistical performance of X and Hotelling’s T2quality control charts were
examined. Two random variables from normal distribution were generated at a specified level of correlations
ranging from -0.9 to +0.9 for 5000 data points having repeated samples of size five each were simulated using

R 10.2 software. Simulated data were analyzed using Shewart X -chart and Hotelling T2 chart to investigate
for Type I error (α). It was observed that the average probability of Type I error for univariate vary as the level
of correlation increases where as the average of Type I error for multivariate did not varied as a result of
change in the level of correlation. It has been observed also that multivariate chart yielded less error compared
to univariate and therefore performed better. It has  also been observed from Average Run Length (ARL) of
Type I error that multivariate performed better than univariate because the multivariate takes more samples
compare to univariate before recording an out –of – control signal. Finally, it is recommended that level of
correlation should be examined when subjecting several variable characteristics for quality testing.
Keywords Univariate, Multivariate, Type I Error, Average Run Length

Introduction
Conventional Shewart methods have

successfully been the system of monitoring process
performance over time (Shewart, 1931). They have
been a foundation for maintaining and achieving
new unprecedented levels of quality. However,
these are generally categorized as univariate charts
that can only be used to monitor a single variable of
a stationary process. As a result of advancement in
technology and customer expectations, the need has
arisen to monitor more than one correlated
variables simultaneously. The need to apply
multivariate Statistical Process Control (SPC)
became more desirable, especially with the
complexity of processes and the dependency of
product quality characteristics on each other
(Prabhu and Runger,2007). In order for companies
to remain competitive, they must achieve high
levels of product quality, which is becoming
challenging to achieve since quality characteristics
are interrelated to each other as a result of
technological advancement (Adamu,2003) . To
achieve a state of statistical control, it requires a
high level of knowledge regarding the process
variables, the level of correlation among them and
the accuracy at which they can be controlled
(Neter, 2001) . The original work in multivariate
quality control can be attributed to Hotelling
(1947). His work led to a number of multivariate
techniques to monitor quality.

When monitoring variables characteristics
simultaneously, the value of correlation between

the variables remained of paramount interest. The
effect of correlation on statistical performance of
univariate and multivariate quality control charts
remained unanswered in the field (Neter,2001).
This study will provide adequate investigation on
the statistical performance of univariate  and
multivariate considering the level of correlation.
The univariate and multivariate to study are

Shewart X -chart and Hotellings T2 –chart.

Methodology
Random variables from bivariate normal

distribution were generated at a specified level of
correlation ranging from (-0.9) to +0.9 for 5000
data points having 5 sizes using R 10.2 software
(2011). The experiment was repeated 5 times for
different values of correlation so as to be accurate.
Simulated data were analyzed by plotting the data

on Shewart X -chart and Hotelling T2 charts to
account for Type I error probability (α). The values
of α  were obtained by recording the number of
points falling outside the control limits .The
objective of this simulation was to obtain the
average error probability (α) based on simulated
ARL. A sample of R-programme for only a case
having vector 0 and covariance matrix of 0.5 is
presented on appendix 1. The chart indicating
simulation procedure is presented on fig 1.The
levels of correlation between the two variables
were then varied from (-0.9) to (+0.9).
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Average Run Length (ARL)
ARL can be used to evaluate the

performance of control charts.  ARL is the inverse

probability of a single point falling outside the
limits when the process is in-control. This can be
calculated using the following formular.

ARL0 =

1

,                                                . . .      1

Where α is the probability that any point will exceed the control limits.

N=5000
n=5

M=5

Fig.1    Simulated procedure (Type 1 Error probability)

Data Analysis
Investigation was carried out in order to

account for Type 1 error probability (α). Results
were obtained for Type I error probability on cases
of univariates and multivariate SPCs and presented
on  table 1. The SPC techniques used for the

univariate and multivariate are Shewart X -chart
and Hotellings T2 charts respectively. The results
were plotted on graphs shown on figs.3 and 4.
ARL of Type I error probability are computed
using equation 1 above which are presented on
table 2.

Table 1: Type I Error Probability
S/N CORR(ρ) UNI(A) UNI(B) AVG(UNIV) MULTIV

1 -0.9 0.0033 0.0034 0.0034 0.0024
2 -0.7 0.0034 0.0033 0.0034 0.0022
3 -0.5 0.0040 0.0040 0.0040 0.0022
4 -0.3 0.0041 0.0042 0.0042 0.0022
5 -0.1 0.0042 0.0043 0.0042 0.0022
6 0.0 0.0042 0.0045 0.0043 0.0023
7 0.1 0.0043 0.0044 0.0043 0.0022
8 0.3 0.0046 0.0046 0.0046 0.0022
9 0.5 0.0048 0.0048 0.0048 0.0022

10 0.7 0.0050 0.0052 0.0051 0.0022
11 0.9 0.0057 0.0063 0.0060 0.0022

Simulated normal data
(µ1, µ2, µ3,σ,)

,

X-chart Hotelling chart

Validation α
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Table 2: ARL of Type I Error for Univariate and Multivariate
S/N CORR(ρ) ARL(B) ARL (B) ARL(AVG) ARL(MULTIV)
1 -0.9 301.2048 294.1177 297.6191 420.1681
2 -0.7 294.1176 301.2048 297.6191 446.4286
3 -0.5 250.0000 247.5248 248.7562 446.4286
4 -0.3 242.7184 235.8491 239.2345 450.4505
5 -0.1 238.0952 233.6449 235.8491 454.5455
6 0.0 238.0952 223.2143 230.4148 440.5286
7 0.1 231.4815 229.3578 230.4148 454.5455
8 0.3 217.3913 219.2983 218.3406 450.4505
9 0.5 206.6116 208.3333 207.4689 450.4505
10 0.7 198.4127 190.8397 194.5525 450.4505
11 0.9 174.8252 158.2279 166.1130 454.5455

Discussion of Results
It can be seen from table 1 that the

average probability of Type I error for the two
univariates SPC, increased as the level of
correlation increases from (-0.9) to (0.9).
Specifically, the average probability of Type I error
for univariate (A) increased from 0.00332 to
0.00572 as the level of correlation increases. Also,
the average probability of Type I error for
univariate (B) increased from 0.0034 to 0.00632 as
the level of correlation increases. Furthermore, the
average of the two univariates revealed the same
thing as the individual univariates. Type I error
probability for the two univariates are plotted
against the level of correlation and is presented on
fig 2 and also the type I error probability of the
average of the two univariates are plotted against
the level of correlation and is presented on fig 3.

However, the probability of Type I error
for the multivariate SPC revolves around 0.0022.
This clearly shows that the level of correlation has
no effect on Type I error of multivariate SPC. On
the other hand, the level of correlation has effect on
Type I error of Univariates SPC. It is generally
observed from the fig 2 that multivariate SPC
yielded less Type I error compared to univariate

SPC. Therefore, multivariate SPC stands to
perform better than the univariate SPC in a case
study of this type.

It has been observed from table 2 that
the average ARL of Type I error for univariates
decreased approximately from 297.62 to
approximately 166.11 as the value of correlation
increased from -0.9 to + 0.9. This means even when
the process remains – in - control, and/or out – of –
control signals will be generated every 298 to 166
samples depending on the value of correlation. On
the other hand, the average ARL of Type I error for
multivariate did not differ much as the value of
correlation increases. The ARL of Type I error for
multivariate rallied around 420.17 to 454.55. This
means even if the process is in control, an out – of
– control signal will be generated every 420 to 455
samples depending on the value of correlation.
Based on that, multivariate performed better than
univariate because the multivariate takes more
samples compare to univariate before recording an
out –of – control signal. Graphs for ARL of Type I
error of Univariates and Multivariate and that of
average of univariates and multivariate are
presented on fig. 4 and 5 respectively.
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Fig 2 :Type I Error Probability of univariates and Multivariate

Type I Error
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KEY: Red- Univariate Blue- Multivariate
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Fig 3: Type I Error Probability for average of Univariates and Multivariate

Type I Error
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Key: RED- ARL of Univariate (A) BLACK- ARL of Univariate (B) BLUE- ARL of Multivariate
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Fig 4: Average Run Length of Univariates and Multivariate
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KEY: Red- Univariate Blue- Multivariate

Table 3: Two Sample T-Test  of  Average Type I Error Probability for Univariate(s) and Multivariate
N Mean StDev SEMean

AVG(UNI) 11 0.0044 0.0008 0.0002
AVG(MV) 11 0.0022 0.0001 0.0002

Confidence Interval for Two Sample T-Test of
Univariates and Multivariate for Type I Error

95% CI for [ µ AVG(UNI) , µ
AVG(MV)] : (0.00168, 0.002640)

T-Test µ G (AVUNI) = µ AVG(MV) (vs not = ):
T= 9.41, P= 0.00 DF=20

Pooled St Dev = 0.000538

Decision for Two Sample T-Test of Univariates
and Multivariate for Type I Error
The hypothesis is rejected at 5% and concludes that
there is significant difference between univariate
and multivariate.

Conclusion/Recommendation
From the investigations carried out, it has

been observed that the average probability of Type

I error for univariate vary as the level of correlation
increases where as the average of Type I error for
multivariate did not varied as a result of change in
the level of correlation. It has been observed that
multivariate chart yielded less error compared to
univariate and therefore performed better.

It has been observed from average
ARL of Type I error that multivariate performed
better than univariate because the multivariate takes
more samples compare to univariate before
recording an out –of – control signal. Finall, T-test
revealed that there is significant difference between
univariate and multivate quality control charts.

It is recommended that the level of
correlation between the variables be examine when
subjecting several variable characteristics to quality
testing.
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Fig .5 : ARL of Type I Error for Average of Univariates and Multivariate
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