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ABSTRACT 
This work does an extensive exhibition investigation of Model Prescient 
Regulator (MPC) for a changed variant of benchmark of a Quadruple 
Firefighting Reservoir System which is a Multi-Input Multi-Output (MIMO), 
exceptionally nonlinear coupled framework. The goal is to control the foam 
concentrate level of Quadruple Reservoir Framework with the 
Optimization of objective cost function of system error while satisfying 
input amplitude constraints. Simulation have been carried out with 
MATLAB R2018A and results are reasonably contrasted with PI and LQR 
regulators. Results broadcast that the unified MPC with an adequately 
huge expectation skyline and prediction horizon is better choice when 
compared with decentralized PI and incorporated LQR regulator as it 
measures the deficiency of execution and loss of performance due to the 
linear nature of the prediction model. The Nonlinear model of the 
Quadruple Reservoir System is linearized and a check for controllability 
and observability is carried out for both operating conditions I.e. Minimum 
and Non-minimum phase systems using MATLAB. 

 

INTRODUCTION  
Genuine modern practices are truly 

challenging to control since they may possess time 
delays, strong interaction among the variables and 
non-minimum phase dynamics [1].  Control of such 
frameworks is done either by centralized, or 
decentralized/decoupled techniques. In completely 
decentralized control, the MIMO system is 
approximated as a set of independent SISO systems. 
When applicable, the advantage of completely 
decentralized control is that one can apply the simpler 
SISO theory on complex MIMO systems [2], [3]. 
Appropriateness of this guess relies upon the 
disregarded collaboration elements, which can be 
seen as demonstrating blunders, heartiness 
investigation can be applied to decide their effect. 
Odds of coming out on top are expanded by wisely 
matching inputs and outputs by using Relative Gain  

Array (RGA) or feed forward techniques [4]. 
Feedforward is often a very effective tool for MIMO 
systems. Interactions are then thought of as 
disturbances; this is an approximation, because the 
interactions involve feedback, whereas disturbance 
analysis presumes disturbances to be independent 
inputs. Some MIMO problems can be better treated as 
SISO problems if a pre-compensator is first used. 
When complex MIMO systems are decoupled, 
obviously the degree of interaction among the 

variables decreases significantly [5], [6]. Although, a 
simpler SISO control theory can easily be applied to 
the decoupled MIMO systems but control engineer has 
to compromise with the desired performance which in 
many cases may not be acceptable [7], [8]. Beside 
decoupled control, there are several other ways to 
quantify interactions in multivariable systems including 
their structure and their strength. Interactions can have 
a completely general structure (every input potentially 
affects every output) or display patterns, such as 
triangular or dominant diagonal; they can also display 
frequency-dependent patterns, such as being 
statistically coupled or band-decoupled. The lower the 
strength of interaction, the more nearly a system 
behaves like a set of independent systems that can be 
analyzed and controlled separately [8]. Weak coupling 
can be due to the nature of the interacting dynamics or 
to a separation in frequency range or time scale. The 
stronger the interaction, the more important it becomes 
to view the MIMO system and its interactions.  

Sliding Mode Control (SMC) is an 
advanced, centralized and nonlinear control method 
that alters the dynamics of a nonlinear system by 
application of a discontinuous control signal that forces 
the system to slide along a cross-section of the 
system's normal behavior. Despite of the practical 
benefits it offers the drawback of undesirable 
oscillations with finite amplitude and frequency. This 
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destructive phenomenon, so called ‘chattering’, may 
lower control accuracy or incur unwanted wear of 
mechanical components. Furthermore, Linear 
Quadratic Regulator (LQR) is also an advance 
controller that falls under the class of optimal control 
strategies [9]. The theory of optimal control is 
concerned with operating a dynamic system at 
minimum objective function. The case where the 
system dynamics are described by a set of linear 
differential equations and the cost is described by a 
quadratic function is called the LQ problem [10], [11]. 
Although, LQR is an optimal controller which like 
Model Predictive Controller (MPC) calculates the 
control signal also by minimizing an objective function. 
But the main difference between the working schemes, 
thus in the performance of LQR and MPC lies in the 
fact that MPC in addition to the minimization of an 
objective function, calculates the control signal while 
considering the predicted future behavior of the 
process to be controlled [12]. Therefore, MPC 
performs better than LQR [13-15]. MPC has been 
utilized for a very long time, and has been 
acknowledged as a significant apparatus in many cycle 
industry applications due to the benefits it offers over 
customary regulators, for example, the basic treatment 
of multivariable cycles and the capacity to deal with 
requirements on the state factors and the signs [16]. It 
is a high level control structure which decides a web-
based answer for an improvement issue which goes 
with it a characteristic decision for MIMO nonlinear 
coupled frameworks which have requirements among 
factors. As its name infers, MPC utilizes forecasts 
representing things to come conduct to settle on 
control choices. In the event that those forecasts are 
questionable, care should be taken to guarantee that 
the control activities don't prompt requirements 
infringement. Since the control activity relies upon 
tackling a compelled mathematical improvement 
issue, guaranteeing that a solution is essential to the 
enhancement issue exists. Model based strategies like 
entomb model regulators and dynamic network 
regulators have additionally been utilized for MIMO, 
Multivariable frameworks [14]. 
However, MPC is most popular and widely used 
controller, as it can accept models in the form of state 
space representation, which reduces the 
computational time and complexity [16-21]. The main 
objective of this work is to maintain the water level of 
lower tanks at the reference value with minimum Mean 
squared error (MSE). The remainder of the paper is 
coordinated as follows, segment II delineates the 
framework depiction to be controlled. Segment III 

depicts its state space model and detailing of the 
control conspire. Segment IV shows the 
comprehensive simulation studies for different 
controllers and lastly conclusions are drawn in the last 
Segment.  
 

SYSTEM DESCRIPTION  
Because of solid connection among the 

variables, highly nonlinearity and non-minimum phase 
characteristics, the level control of Quadruple 
firefighting reservoir System is a complex control 
problem. It consists of four tanks, two pumps and a 
reservoir [9]. The controlled input variables are pump 
voltages and output are levels of lower two tanks. The 
outflow of each pump is divided into two tanks using 
split valves 1& 2. Pump-1 feeds Tank-1 and Tank-4 
whereas pump-2 feeds Tank-2 and Tank-3. Tanks 3 
and 4 discharges into Tanks-1 and 2 respectively while 
Tanks-1 and 2 discharges directly into the reservoir 
situated at the bottom. To increase the complexity, an 
additional interconnection between lower two tanks is 
introduced to make it more effective for firefighting as 
shown in Fig.1. The objective of present work is to 
control the water levels of lower two tanks with the 
optimization of objective cost function. The dynamics 
of the Quadruple firefighting reservoir System are 
described in [22]. The nominal values of parameters 
are given in Table 1.  

 

Table 1: Parameter values of the quadruple        
 firefighting reservoir process  
PARAMETERS VALUES 
A1 and A3 [cm2] 28 
A2 and A4 [cm2] 32 
a1 and a3 [cm2] 0.071 
a2 and a4 [cm2] 0.057 
kC [V/m] 0.5/1.0 
g [m/s2] 9.81 

 
Figure 1: The Quadruple Firefighting Reservoir 
System 
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In deriving the mathematical model for the 
quadruple fire-fighting reservoir system from physical 
data, while having on mind that the target is the control 
of the levels in the two lower tanks. There is just one 
way of developing the model of the foam concentrate 
interaction in the 4-tank.  The mathematical model of 
the four-tank process can be derived by using mass 
balances and Bernoulli’s law. The mass balance for ith 
tanks can be written as, 
A,

ௗ௛೔

ௗ௧
=  𝑞௜ ௢௨௧ + 𝑞௜ ௜௡  Equation 1 

Where qin and qout are inflow and outflow of 
a tank respectively that can be modeled using 
Bernoulli’s law. Ai is the cross-section area of ith tank 
and the potential energy in the tank will be equal to 
kinetic energy of the liquid in the tank such that, 
𝑚𝑔ℎ =  

ଵ

ଶ
𝑚𝑣ଶ  Equation 2 

Solving above equation for gives, 
𝑣 = ඥ2𝑔ℎ  Equation 3 
Multiplying the equation (3) with an area of the outlet 
hole (a) of the tank gives the volumetric flow rate qout 
as, 
𝑞௢௨௧ = 𝑎𝑣 = 𝑎ඥ2𝑔ℎ Equation 4  
Then the outflow of ith  tanks can be written as, 
 𝑞௢௨௧ = 𝑎ଵ𝑎ଵ = 𝑎ଵඥ2𝑔ℎ௜ Equation 5 

The flow from pump 1 is k1u1 that split into 
a flow q1in = 1k1u1 to the tank 1 and a flow q4in = (1-
1)k1u1  to tank 4. Similarly, the flow from the pump 2 is 
k2u2 that split into a flow q2in = 2k2u2 to the tank 2 and 
a flow q3in = (1-2)k2u2 to tank 3. The level 
measurement signals are kc *hi . By using equation (1) 
and (5) mass balance and Bernoulli’s law can be 
extended for the quadruple firefighting reservoir 
system as, 
𝐴ଵ

ௗ௛భ

ௗ௧
=  −𝑞ଵ௢௨௧ +  𝑞ଷ௢௨  + 𝑞ଵ௜௡ Equation 6 

𝐴ଶ
ௗ௛మ

ௗ௧
=  −𝑞ଶ௢௨௧ +  𝑞ସ௢௨௧ + 𝑞ଶ௜  Equation 7 

𝐴ଷ
ௗ௛య

ௗ௧
=  −𝑞ଷ௢௨௧ + 𝑞ଷ௜௡      Equation8 

𝐴ସ
ௗ௛ర

ௗ௧
=  −𝑞ସ௢௨௧ +  𝑞ସ௜௡  Equation 9 

Substituting the inflow qin and outflow qout of the tanks 
yield, 
𝐴ଵ

ௗ௛భ

ௗ௧
=  −𝑎ଵ ඥ2𝑔ℎଵ + 𝑎ଷ ඥ2𝑔ℎଷ  + 

𝑦ଵ 𝑘ଵ 𝑢ଵ    Equation 10 

𝐴ଶ
ௗ௛మ

ௗ௧
=  −𝑎ଶ ඥ2𝑔ℎଶ + 𝑎ସ ඥ2𝑔ℎସ  + 

𝑦ଶ 𝑘ଶ 𝑢ଶ    Equation 11 

𝐴ଷ
ௗ௛య

ௗ௧
=  −𝑎ଷ ඥ2𝑔ℎଷ + (1- 𝑦ଶ )𝑘ଶ 𝑢ଶ  

  Equation 12 

𝐴ସ
ௗ௛ర

ௗ௧
=  −𝑎ସ ඥ2𝑔ℎସ + (1- 𝑦ଵ 𝑘ଵ 𝑢ଵ   

  Equation 13 
The nonlinear model of the quadruple 

firefighting reservoir is described in above four 
differential equations and the parameter description is 
given in Table 2 below. 

 
Table 2: The quadruple firefighting reservoir nonlinear 
model parameter description 

Ai Cross-section area of the tank i ; 
ai Cross-section area of the outlet hole i ; 
hi The water level in the tank i ; 
ui The voltage applied to the pump i ; 
i Valve constant for the valve i ; 
ki Pump constant for the pump i ; 
g The acceleration of gravity; 
kc The pump gain 
i 1,2,3,4 

 
LINEARIZATION OF THE QUADRUPLE 
FIREFIGHTING RESERVOIR NONLINEAR MODEL 

The nonlinear differential equations (10) -
(13) can be linearized at operating point given at the 
levels in the tanks hi0 and ui0. Considering the variables 
such that h = hi - hi0 and ui = ui - ui0. The linearized state 
space model is given by 

𝐴ଵ

𝑑ℎ௜

𝑑𝑡
= 𝐴𝑥 + 𝐵𝑢 

y = Dx   Equation 14 
Where,  
ௗ௛

ௗ௧
=

⎣
⎢
⎢
⎢
⎢
⎢
⎡ −

ଵ

భ்
    0    

஺య

஺భ భ்
     0

0    −
ଵ

మ்
    0      

஺ర

஺భ మ்

0     0    −  
ଵ

య்
     0

0     0      0    −
ଵ

ర்
 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

⎣
⎢
⎢
⎢
⎡
ℎଵ

ℎଶ

ℎଷ

ℎସ

⎦
⎥
⎥
⎥
⎤

 

⎣
⎢
⎢
⎢
⎢
⎢
⎡

௬భ௞భ

஺భ
                0

0                 
௬మ௞మ

஺మ

0      
(ଵି௬మ)௞మ

஺య

(ଵି௬భ)௞భ

஺ర
         0 ⎦

⎥
⎥
⎥
⎥
⎥
⎤

 ቂ
𝑢ଵ

𝑢ଶ
ቃ

16 

 𝑦 = ൥
𝑘௖  0     0     0
0       𝑘ଶ   0  0൩ 

⎣
⎢
⎢
⎢
⎡
ℎଵ

ℎଶ

ℎଷ

ℎସ

⎦
⎥
⎥
⎥
⎤

 

The time constant for tank I can be 
calculated as, 

𝑇ଵ =
஺భ

௔ ଵ
ඥ2𝑔ℎଵ

଴   for I = 2, ……4 
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LINEAR TRANSFER FUNCTION OF THE 
QUADRUPLE FIREFIGHTING RESERVOIR 
SYSTEM 

The linear transfer function of the quadruple 
firefighting reservoir system can be formulated by 
Laplace transform of equations (15) and (16) 

൤
𝑦ଵ(𝑆)

𝑦ଶ (𝑆)
൨ = 𝐺(𝑆), ൤

𝑢ଵ(𝑆)

𝑢ଶ (𝑆)
൨ Equation 17  

G(S) = D(sl – 𝐴ିଵ𝐵         Equation 18  

𝐺(𝑠) = ൤
𝐺ଵଵ(𝑠)  𝐺ଵଶ(𝑠) 

𝐺ଶଵ (𝑠) 𝐺ଶଶ (𝑠)
൨ Equation 19 

Substituting above terms into the equation 
(19), we have 

𝐺(𝑠) =

⎣
⎢
⎢
⎡

௬భ௖భ

(ଵା௦ భ்)
                 

(ଵି௬మ)௖భ

(ଵା௦ భ்)(ଵା௦ య்)
 

(ଵି௬భ)௖మ

(ଵା௦ మ்)(ଵା௦ ర்)
            

௬మ௖మ

(ଵା௦ మ்) ⎦
⎥
⎥
⎤

 …….20 

 
Where c1 and c2 in equation (20) are 

defined as, c1 = T1K1C1/A1 and c2 = T2K2C2/A2 
According to the equations (17) and (19), the 
relationship between inputs and output will be as 
follows, 
𝑦ଵ(𝑠)𝐺ଵଵ(𝑠)𝑢ଵ +𝐺ଵଶ(𝑠)𝑢ଶ(𝑠)           Equation 21  
𝑦ଶ(𝑠)𝐺ଶଵ(𝑠)𝑢ଵ(𝑠) + 𝐺ଶଶ(𝑠)𝑢ଶ(𝑠)    Equation 22 

It will be used for input-output pairing to see 
how the change in inputs u1 or u2 affects the outputs y1 
or y2. 
 
MODEL PREDICTIVE CONTROLLER  

MPC predicts future result values with the 
assistance of current and past way of behaving. It 
utilizes a framework model to compute an anticipated 
result signal over a forecast skyline later on. Another 
improvement is made at each control span inside the 
forecast skyline by taking another control info and 
taking care of it into the framework at each time step, 
while considering the constraints. This ability to handle 
constraints is integrated in the structure of MPC and 
this has made it more popular and more advantageous 
than other classical controllers such as PID and LQR. 
The structure of MPC is shown in Figure 2.  

The limitation to the process are known as 
constraints, and MPC becomes the standard control 
strategy due to its constraints handling abilities. In this 
work, input amplitude constraints are considered, such 
as:  

0 ≤ u1 ≤ 5 
0 ≤ u2 ≤ 5 

 

Figure 2: Structure of MPC 
 
STATE-SPACE FORMULATION OF MPC 

Any linear dynamic system can be 
represented as,  
 Xk+1=AXk + Buk  Equation 23 
 Yk = DXk   Equation 24 
For k = k + 1; where k is present time instant and k+1 
is one step ahead, Yk+1 = DXk+1 using Eqn. (23), Eqn. 
(24) yields, 
Yk+1 = D (AXk + Buk) Equation 25 
Yk+1 = DAXk + DBu Equation 26 
for K = K + 2, Yk+2 = DAXk+1 + DBuk+1 
Yk+2 = DA2Xk + DBuk + DBuk+1Equation 27  
for K = K + 3, Yk+3 = DAXk+2 + DBuk+2 

Yk+3 = DA3Xk + = DA2Buk + DABuk+1+DBuk+2….  28 

ආ

𝑦௞

𝑦௞ାଵ

𝑦௞ାଶ

𝑦௞ାଷ

ඊ =  ආ

𝐷
𝐷𝐴
𝐷𝐴ଶ

𝐷𝐴ଷ

ඊ 𝑥௞ +

൦

0            0            0
𝐷𝐵         0            0
𝐷𝐴𝐵      𝐷𝐵         0

𝐷𝐴ଶ𝐵     𝐷𝐴𝐵     𝐷𝐵

൪ ආ

𝑢௞

𝑢௞ାଵ

𝑢௞ାଶ
ඊ   

  𝑌୩|ସ     0ସ          𝐻ସ
ௗ            𝑢୩|ସ …  29 

  𝑌୩|ସ= data matrix of output variables 
𝑢୩|ସ= data matrix of input variables 
O4 = extended observability matrix for pair (D, A) 
𝐻ସ

ௗ  = lower block triangular Toeplitz matrix for D, A, B 
matrices. 
Eqn. (29) can also be written as, 
𝑌௄|ସ = 𝑂ସ𝑥௞ + 𝐻ସ

ௗ𝑢௞|ଷ Equation 30 
for prediction horizon of L, Eqn. (30) can be rewritten 
as 
 𝑌௄|௅ = 𝑂௅𝑥௞ +  𝐻௅

ௗ𝑢௞ାଵ|௅ିଵ…….Equation 31 
Similarly, 
𝑌௄|௅ = 𝑂௅𝑥௞ +  𝐻௅

ௗ𝑢௞ାଵ|௅ିଵ…….Equation 32 
Substituting the values from Eqn. (24), Eqn. (32) 
becomes, 

𝑌௄ାଵ|௅ = 𝑂௅𝐴𝑥௞ + 𝑂௅𝐵𝑈௞ + 
 𝐻௅

ௗ𝑢௞ାଵ|௅ିଵ Equation 33 
Which can be represented in matrix form as 
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𝑌௄ାଵ|௅ = 𝑂௅𝐴𝑥௞ + (𝑂௅𝐵𝐻௅
ௗ) ቂ

𝑢௞

𝑢௞ାଵ|௅ିଵ
ቃ 

  Equation 34 
Where, pL = 𝑂௅𝐴𝑥௞𝐹௅;  𝐹௅ = (𝑂௅𝐵𝐻௅

ௗ) 

 𝑢௞ = ቂ
𝑢௞

𝑢௞ାଵ|௅ିଵ
ቃ; 𝑌௄ାଵ|௅ =  𝑝௅ +  𝐹௅𝑈௄|௅ 

Eq. (34) represents the predictive model of the system 
to be controlled and now MPC determines the 
predicted output based on this predictive model. The 
objective cost function to be optimized is given as, 
𝐽௄ = (𝑦୩ା୩|୐ − 𝑟୩ା୩|୐)்𝑄൫𝑦୩ା୩|୐ − 𝑟୩ା୩|୐൯ +

𝑢୩|୐
் 𝑃𝑢୩|୐..35 

Substituting prediction model from the equation (35) 
into the cost function given in equation (36), we have 
𝐽௄ = (𝐹୐𝑢୩|୐+𝑃୐ − 𝑟୩ା୩|୐)்𝑄൫𝐹୐𝑢୩|୐+𝑃୐ −

𝑟୩ା୩|୐൯ + 𝑢୩|୐
் 𝑃𝑢୩|୐ Equation 36                             

𝐽௄ = 𝑢୩|୐
் (𝐹௅

்𝑄𝐹௅ + 𝑃)𝑢௅
்

୩|୐
+

2𝐹௅
்𝑄(𝑃୐−𝑟୩ା୩|୐)𝑢୩|୐ + (𝑃୐ − 𝑟୩ା୩|୐)் 

𝑄(𝑃௅ − 𝑟୩ା୩|୐  Equation 37 
𝐽௄= 𝑢୩|୐

் 𝐻𝑢୩|୐ + 2𝐹்𝑢୩|୐ + 𝐽଴ Equation 
38 
Where: 
H = 𝐹௅

்𝑄𝐹௅ + 𝑃 
f = 𝐹௅

்𝑄(𝑃௅ − 𝑟୩|୐) 
𝐽଴= (𝑃௅ − 𝑟୩ା୩|୐

் 𝑄൫𝑃௅ − 𝑟୩ା୩|୐൯ 

Minimizing the cost function given in equation (38) with 
respect to uk|L 
డ௃ೖ

డ௨ౡ|ై
 = 𝑢୩|୐𝐻𝑢୩|୐ + 2𝑓்𝑢୩|୐ + 𝐽଴  Equation 39 

The equation (2.52) becomes the future 
optimal control, where only the first element uk|L, of 
control vector u*k|L is used for control purpose. 
𝑢୩|୐

∗ =  𝐻ିଵ∗𝑓  Equation 40  
Eq. (40) represents the optimal controlled input vector 
in which only the first element is fed to the system, 
practically. 
 
SIMULATION RESULTS 

Control plot has been mimicked on 
MATLAB (R2017a) stage with Intel (R) Center (TM) i5-
5200U central processor @2.20 GHz. To approve the 
exhibition of MPC, its outcomes are decently 
contrasted and the Proportional-Integral (PI) and LQR 
regulators. The Control objective is to follow the set-
focuses changes in water levels of Tank-1 and Tank 2 
with the improvement of goal cost function of 
framework blunder while satisfying input amplitude 
constraints. At first degrees of Tanks-1 and Tank-2 are 
4.5 cm and 5.5 cm separately, inspecting period 0.1 
sec, expectation skyline length 25 are picked.  

The reactions of PI, LQR, MPC and their 
control endeavors are displayed in Fig. 3 and 4. All 
regulators can follow the set-point changes however 
the reactions of MPC are superior to PI and LQR 
regulators. As at each time moment the water level of 
tanks is changing consequently making the framework 
model to change consistently. The boundaries of PI 
regulator are fixed and picked for arbitrary reasons by 
involving experimentation technique for whole control 
skyline which is improper for time changing framework 
model. Both LQR and MPC falls under the class of 
optimal controllers however they contrast in such 
manner that in expansion to the optimal minimization 
of the cost function MPC chips away at future 
expectations. In spite of the fact that LQR can handle 
serious areas of strength for the between Tank-1 and 
Tank-2 in any case, the reactions are lazy when 
contrasted with MPC. It is noted from reenactment 
results that reactions of MPC are better than other 
compared controllers. The values of MSEs for PI, LQR 
and MPC are moreover determined which are viewed 
as 0.0058, 0.0035 and 0.0022 respectively. 
 

 
Fig. 3. Response and control input for Tank-1 

 
Fig.4 Response and control input for Tank-2 
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CONCLUSIONS  
In this work, the consequences of the MPC 

for a quadruple firefighting reservoir system have been 
presented. In this benchmark, three distinct control 
methodologies are applied to a nonlinear, MIMO 
intuitive fourfold tank lab model framework. Right off 
the bat, a decentralized PI control conspire is executed 
by finding a suitable information yield matching utilizing 
RGA examination. True to form, the outcomes 
recommend that a concentrated approach might give 
a superior presentation. This motivated the application 
of advanced optimal control strategies. 
The experimental results affirm the need of more 
perplexing control algorithms when rigid execution is 
conceived. Reproduced results show that both brought 
together LQR and MPC can handle the nonlinear, 
MIMO interactive system but centralized MPC is much 
more efficient comparatively as it measures the loss of 
performance due to the linear nature of the prediction 
model with a sufficiently large prediction horizon. 
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