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ABSTRACT 
A single algorithm has been developed to efficiently solve ordinary 
differential equations (ODEs) ranging from first to fifth order. This 
method utilizes interpolation and collocation techniques, with a power 
series function as its foundation. The algorithm accurately places 
derivatives at grid and off-grid points, except for the end points, and 
has undergone thorough examination of its fundamental properties. 
Results indicate that this novel approach exhibits superior accuracy 
when compared to existing methods for solving ODEs of these orders. 
Moreover, it eliminates the need for developing separate methods for 
each of the specified five categories of ODEs. 
                                
INTRODUCTION  

According to Jain (1978), to obtain 
accurate numerical solutions to differential 
equations governing physical systems has always 
been an important problem with scientists and 
engineers. 

These differential equations basically 
fall into two classes, ordinary and partial, 
depending on the number of independent 
variables present in the differential equations: One 
for ordinary and more than one for partial. Many 
problems in real life situation, science and 
engineering and even in humanities can be 
formulated as mathematical models in which 
numerical analysis can render solution to. These 
models most often cannot be properly handled in 
their natural forms by mere analytical methods 

because of their complex nature. The task then 
becomes tremendous when handling such 
problems. It is in this view that numerical methods 
have been found to be inevitable. This numerical 
method uses the available discrete numerical 
integration algorithms in which the numerical 
approximations are at some specified points in the 
interval of integration. Numerical evaluation of 
certain differential equations can be done easily 
even when the analytic solutions are available. 

The numerical solution of First, Second, 
Third, Fourth and Fifth orders initial value 
problems (IVPs) of Ordinary Differential Equations 
(ODEs) directly using a single Linear Multistep 
Hybrid Block Method (LMHBMs) is our focus in 
this paper. These ODEs are generally written in 
the following form: 
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Numerous numerical methods for 
solving these equations separately have been 
carried out by many authors such as Joshua 
(2021,2022), Faruk(2023), Morteza(2023), 
Muideen(2021,2023), Friday(2023), Dauda 
(2022), Victor(2021), Roseline(2021),  Omar and 
Kuboye (2015), Ezekiel (2018), Abolarin (2020), 
and Raymond et al. (2021) respectively derived 
hybrid block linear multistep method for the direct 
solution of general second, third and fourth IVPs 
of ODEs. Generalized hybrid technique for the 
solution of second order ODEs directly was also 
done by Kuboye et al. (2018).  The methods 
developed by all these researchers are effective 
and efficient in terms of accuracy but they are 
limited to or developed to solve only one of the 
ODEs in (1.1). However, Adeyefa and Kuboye 
(2020) derived a new numerical model suitable for 
solving simultaneously second and third order 
ODEs, John (2022) developed a single numerical 
algorithm for solving first and second orders 
ODEs. Again, Olusola and Bamikole (2022) 
formulated a new hybrid method for direct 
numerical solution of nonlinear second, third and 
fourth orders of ordinary differential equations. 
The aforementioned researchers did not look at 

the possibility of harmonizing different categories 
of ODEs- starting from first, second, third and 
fourth orders of ODEs and developing a hybrid 
block method capable of providing approximate 
solution to the four categories of differential 
equations simultaneously. Therefore, this new 
unified numerical method with additional fifth order 
is formulated to solve equation (1.1). Hence, this 
new method rises above the setback in developing 
numerical methods for solving a single class of 
ODEs by proposing a hybrid block method that 
gives solution to ODEs of five different categories 
of order: One, Two, Three, four and five. 
Therefore, this proposed approach will also 
eliminate the burden of developing a separate 
method of the equations in (1.1).  
 
METHODOLOGY 

In this segment, we formulate a hybrid 
block linear multistep method for solving (1.1) 
using a combination of collocation and 
interpolation 
Our approach involves representing the 
approximate solution to the targeted ODEs using 
power series as basis function of the form: 

        (2.1) 

where are unknown coefficients to be determined, t and m are number of interpolation and collocation 

points respectively. The first, second, third, fourth and fifth derivatives of (2.1) are given by 
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             (2.7) 

where 
   
  
and 

 
 
Equation (2.7) is solved by matrix inversion technique to obtain  which are then substituted into (2.1) to 

get a continuous linear multistep method (LMM) of the form: 

      (2.8)                                                                                                                                       
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    (2.20)  

 
Equations (2.9) to (2.20) are then substituted into (2.8) to get the required continuous scheme and then 

evaluating same, that is (2.8) at  gives the 3-step block method with 

3 off-grid points as follows: 
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Finding the first derivative of (2.8) and evaluating at 
   gives the following discrete schemes: 
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Finding the second derivative of (2.8) and evaluating at gives the following discrete schemes: 
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 (2.38)   

Finding the third derivative of (2.8) and evaluating at  gives the following discrete schemes: 
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    (2.43) 

 

    (2.44)         

   
Finding the fourth derivative of (2.8) and evaluating at  gives the following discrete schemes: 
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      (2.49)    

     (2.50)                                                                      

 
Analysis of the Basic Properties of the block Method 

The properties of the block method are analyzed as follows: 
 
Order and Error Constants of the block method 

The technique of Lambert (1973) and Fatunla (1991) for determining the order of a numerical discrete 
schemes is used to find the order of the new block method. Therefore, the new block method is of equal order 

, that is with error constants 

 

 
Zero stability of the block method 

Definition: A block method is said to be zero-stable if the roots of the first characteristic polynomial     
and satisfies  where 
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Normalizing   and  we have  

 
 
. 

Hence, the block method is zero stable since it satisfies    
 
Consistency  

Definition: A linear multistep method is said to be consistent if the following conditions are satisfied: 
i) The order p of accuracy is greater than one ( 

ii)                    (Lambert, 1973) 

It is clear that the block method is consistent since and  

 
Convergence 

The necessary and sufficient condition 
for linear multistep method to be convergent is for 
it to be consistent and zero stable. Following this 
theorem, the block method developed is 
convergent. 
 
Numerical Examples 

In this section, some numerical 
examples are given to illustrate the efficiency of 
the proposed method. We find the absolute errors 
of the approximate solution and also make 
comparisons with some existing methods in the 
literature. 
Problem 1 (SIR model): the SIR model is an 
epidemiological model that computes the 
theoretical number of people infected with a 
contagious illness in a closed population over 
time. The name of this class of models derives 
from the fact that they involve coupled equations 
relating the number of susceptible people S(t), no 
of people infected I (t) and the number of people 
who have recovered R (t). This is a good and 
simple model for many infectious diseases 

including measles, mumps and rubella. It is given 
by the following three coupled equations: 
   
Where are positive parameters? Define y to be: 
. Adding (1) - (3), the following evolution equation 
for y is obtained. 
 Taking and attaching an initial condition (for a 
particular closed population), the equation below 
is achieved. 
.                 
  Exact Solution  
Source: John et al (2022). 
Problem 2: Consider the stiff problem  
 
Exact solution: Source: Raymond (2020) 
Problem 3: Nonlinear third order ODE problem: 
  
Exact Solution         Source: Oluwaseun and 
Zurni (2019) 
Problem 4: Nonlinear 4th order ODE problem: 
  
Exact solution:  
Source: Victor (2021) and Olusola (2022). 
Problem 5: Consider linear fifth order problem 
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  Exact solution:       Source: Roseline et al (2021). 
 
Table 1: Comparing the exact Solution with the Proposed Methods for Problem 1  

 x                Exact Solution                                  Computed Solution                            Absolute Error 
0.1          0.5243852877496429954542874      0.5243852877496429954110886         4.3199 
0.2          0.5475812909820202134178754      0.5475812909820202133687724         4.9103 
0.3          0.5696460117874710963854831      0.5696460117874710963384788         4.7004 
0.4          0.5906346234610090706650322      0.5906346234610090705831393         8.1893 
0.5          0.6105996084642975658774148      0.6105996084642975657926203         8.4795 
0.6          0.6295908896591410669665631      0.6295908896591410668856492         8.0914 
0.7          0.6476559551406432828225896      0.6476559551406432827136200         1.0897 
0.8          0.6648399769821803496277836      0.6648399769821803495181934         1.096 
0.9          0.6811859241891133534281283      0.6811859241891133533236636         1.0446 
1.0          0.6967346701436832881981002      0.6967346701436832880711864         1.2691 

 
Table 2: Comparing the exact Solution with the Proposed Methods for Problem 2 

X         Exact Solution                                     Computed Solution                                Absolute Error 
0.1      0.9048374180359595731642491     0.9048374180359595731038462             6.0403 
0.2      0.8187307530779818586699355     0.81873075307798185860232650           6.7609 
0.3      0.7408182206817178660668738     0.74081822068171786600161744           6.5256  
0.4      0.6703200460356393007444329     0.67032004603563930063919360           1.0524 
0.5      0.6065306597126334236037995     0.60653065971263342349881706           1.0498 
0.6      0.5488116360940264326284589     0.54881163609402643253040799           9.8051 
0.7      0.4965853037914095147048001     0.49658530379140951458184843           1.2295 
0.8      0.4493289641172215914301024     0.44932896411722159131162100           1.1848 
0.9      0.4065696597405991118834542     0.40656965974059911177398152           1.0947 
1.0      0.3678794411714423215955238     0.36787944117144232147110935           1.2441 

 
Table 3: Comparing the exact Solution with the Proposed Method for Problem 3 

         Exact Solution                                    Computed Solution                               Absolute Error 
0.1   0.09983341664682815230681419       0.09983341664682815230681419            1.50                                                                                                       
0.2   0.19866933079506121545941263       0.19866933079506121545941264            2.05          
0.3   0.29552020666133957510532075       0.29552020666133957510532085            9.93                             
0.4   0.38941834230865049166631175       0.38941834230865049166631207            3.08                          
0.5   0.47942553860420300027328793       0.47942553860420300027328868            7.47                            
0.6   0.56464247339503535720094544       0.56464247339503535720094699            1.55 
0.7   0.64421768723769105367261435       0.64421768723769105367261723            2.88                                  
0.8   0.71735609089952276162717461       0.71735609089952276162717955            4.94 
0.9   0.78332690962748338846138232       0.78332690962748338846139029            7.97                 
1.0  0.84147098480789650665250232         0.84147098480789650665251459             1.23                 

 
Table 4: Comparing the exact Solution with the Proposed Methods for Problem 4 

          Exact Solution                                    Computed Solution                             Absolute Error 
0.1    1.11517091807564762481170782649    1.11517091807564762481170773505    9.144                                           
0.2    1.26140275816016983392107199464    1.26140275816016983392107058431    1.410 
0.3    1.43985880757600310398374431333    1.43985880757600310398373727969    7.034         
0.4    1.65182469764127031782485295284    1.65182469764127031782483093908    2.201          
0.5    1.89872127070012814684865078781    1.65182469764127031782483093908    5.331       
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0.6    2.18211880039050897487536766816    2.18211880039050897487525798237    1.096    
0.7    2.50375270747047652162454938858    2.50375270747047652162434775980     2.016                      
0.8    2.86554092849246760457953753140    2.86554092849246760457919629631     3.412 
0.9    3.26960311115694966380012656360    3.26960311115694966379958441159     5.422 
1.0    3.71828182845904523536028747135    3.71828182845904523535946791934     8.196 

 
Table 5: Comparing the exact Solution with the Proposed Methods for Problem 5 

         Exact Solution                                 Computed Solution                             Absolute Error 
0.1       1.3212361748069979862             1.3212361748069986412                   6.550 
0.2       1.6904940284363315333             1.6904940284363702995                   3.8766 
0.3       2.1176390070518485500             2.1176390070521591966                   3.1065 
0.4       2.6149592708011180963             2.6149592708025389504                   1.4209 
0.5       3.1977073670632482357             3.1977073670683796625                   5.1314 
0.6       3.8847593961315828467             3.8847593961465231402                   1.4940 
0.7       4.6994176540823656409             4.6994176541189166031                   3.6551 
0.8       5.6703885152946375653             5.6703885153738786182                   7.9241 
0.9       6.8329743740404294722             6.8329743741973538051                   1.5692 
1.0       8.2305270837385467338             8.2305270840275704210                   2.8902 

 
Table 6: Compares the error of the Proposed Method for Problem 1 with John et al (2022)  

            Exact Solution                                     Error in New method            Error in John et al. (2022) 
                                                                           K = 3, h = 0.1 , p = 7                k = ½ , h = 0.1, p = 6 
0.1        0.5243852877496429954542874        4.319                        4.939 
0.2        0.5475812909820202134178754        4.910                        9.399 
0.3        0.5696460117874710963854831        4.700                         1.341 
0.4        0.5906346234610090706650322        8.189                         1.701 
0.5        0.6105996084642975658774148        8.479                         2.022 
0.6        0.6295908896591410669665631        8.091                         2.308 
0.7        0.6476559551406432828225896        1.089                         2.592 
0.8        0.6648399769821803496277836        1.096                         ………………….. 
0.9        0.6811859241891133534281283        1.045                         …………………… 
1.0        0.6967346701436832881981002        1.269                         …………………… 

 
Table 7: Compares the error of the Proposed Method for Problem 2 with Raymond (2020) 

         Exact Solution                                        Error in New method             Raymond (2020)  
                                                                            
0.1      0.9048374180359595731642491           6.0403                    1.2420 
0.2      0.8187307530779818586699355           6.7609                    4.5800 
0.3      0.7408182206817178660668738           6.5256                    1.5361 
0.4      0.6703200460356393007444329           1.0524                    1.4527 
0.5      0.6065306597126334236037995           1.0498                    1.3834 
0.6      0.5488116360940264326284589           9.8051                    1.3277 
0.7      0.4965853037914095147048001           1.2295                    1.2858 
0.8      0.4493289641172215914301024           1.1848                    1.2566 
0.9      0.4065696597405991118834542           1.0947                    1.2397 
1.0      0.3678794411714423215955238           1.2441                    1.2354 

 
Table 8: Compares the error of the Proposed Method for Problem 3 with Oluwaseun (2019) 
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         Exact Solution                                  Error in New method          Error in Oluwaseun (2019)                                                             
0.1      0.09983341664682815230681419           1.50                           6.66                                                                            
0.2      0.19866933079506121545941263           2.05                           1.91 
0.3      0.29552020666133957510532075           9.93                           1.24 
0.4      0.38941834230865049166631175           3.08                           2.89 
0.5      0.47942553860420300027328793           7.47                           5.60 
0.6      0.56464247339503535720094544           1.55                           9.69 
0.7      0.64421768723769105367261435           2.88                           1.55 
0.8      0.71735609089952276162717461           4.94                           2.33 
0.9      0.78332690962748338846138232           7.97                           3.35 
1.0      0.84147098480789650665250232           1.23                           4.64 

 
Table 9: Compares the error of the Proposed Method for Problem 4 with Victor (2021) 

       Exact Solution                                         Error in New method        Error in Victor (2021) 
                                                                                 k = 3,h =  0.1, p = 7       k = 15, h = 0.003125, p = 16 
0.1      1.11517091807564762481170782649         9.144                    2.220                                                       
0.2      1.26140275816016983392107199464         1.410                   0.000 
0.3      1.43985880757600310398374431333         7.034                   2.220         
0.4      1.65182469764127031782485295284         2.201                   0.000            
0.5      1.89872127070012814684865078781         5.331                   0.000           
0.6      2.18211880039050897487536766816         1.096                   2.220  
0.7      2.50375270747047652162454938858         2.016                   6.661 
0.8      2.86554092849246760457953753140         3.412                   1.332 
0.9      3.26960311115694966380012656360         5.422                   2.887 
1.0      3.71828182845904523536028747135         8.196                 …………………….. 

 
DISCUSSION OF RESULTS 

The results produced by the developed 
three-step block method for solving linear and 
nonlinear from first to fifth orders of ODEs are 
displayed in tables 1 to 5. The errors generated 
are determined as absolute difference between 
the exact and approximated or computed solution.  
Remarkably minimal errors in the new method 
affirm its effectiveness. 
  Table 6 compares the result of the new 
hybrid block method with those achieved by John 
(2022) in terms of error for solving problem1, 
emphasizing the superior performance of the new 
method. Similarly, table 7 suggests that the new 
method outperformed the results obtained by 
Ezekiel (2018) for problem 2. Furthermore, upon 
closer scrutiny of tables 8 and 9, it becomes 
apparent that the new method notably surpasses 
the performance of Oluseun (2019) and Victor 
(2021) in terms of error when addressing problems 
3 and 4, respectively.  
 

CONCLUSION  
New hybrid block method designed with 

step number k = 3 have been developed, enabling 
the solution of both linear and nonlinear ODEs up 
to fifth order. The derivation of continuous and 
discrete schemes forming the block is 
accomplished using interpolation and collocation 
techniques, resulting in a uniform order 7 for k =3.  

Following an examination of the 
method’s fundamental properties, it was 
established that it meets the criteria for 
consistency, zero stability, and convergence. The 
efficacy of the newly developed method was 
assessed by testing on a variety of linear and 
nonlinear IVPs of ODEs spanning first through fifth 
orders. The results, detailed in tables 6 and 9, 
demonstrated its superiority in terms of accuracy 
compared to existing methods with which it was 
compared. Its primary advantage lies in its ability 
to directly address IVPs of ODEs ranging from first 
to fifth order. 
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In addition, it removes the need to 
create distinct numerical methods for five different 
orders of differential equations, thereby reducing 
the time required for developing these methods. 
The new method is recommended as an effective 
and efficient numerical method for the direct 
solution of first through fifth orders IVP of ODEs.  
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