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ABSTRACT

In this paper, the estimation of the scale parameter of log-logistic distribution was addressed under the assumption of chi-
square and Maxwell priors wherein the Bayes estimates and posterior risks were derived under squared error loss
function(SELF) and precautionary loss function(PLF). Furthermore, a simulation study was undertaken using the Markov-chain
Monte Larlo(MEMLE) simulation technigue in order to assess the perfarmance of the assumed prior distributions and loss
functions. Among the two priors used in this study, chi-square prior appears ta yield lower posterior risks thereby producing
the best estimate and when compared with the estimates produced under the assumption of non-informative priors (unifarm
and Jeffreys) we realized that indeed the assumption of informative priors yields better estimates and overal| the
precautionary lass function performs better for the estimation of the parameter of interest

Keywords: Log-logistic Distribution, Bayes Estimates, Posterior risks, Prior Distribution, Loss function, Markov-Chain Monte
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INTRODUCTION estimate the parameter(s) of such distribution. This
In economics, the log-logistic distribution is also technique adopts the Baye's theorem to combine the prior
known as the Fisk distribution, it is a continuous distribution and likelihood function to obtain the posterior
distribution that is applied in fields such as: hydrology, distribution with respect to the parameter of interest,
economics, biology and a lot more. The log-logistic after-which inferences can be made about that
distribution can also be alternatively used in place of log- parameter.
normal distribution (Akhter and Khan,2014) and it is a Several authors have adopted the Bayesian
derivation of the logistic distribution as stated in technique of estimation to estimate the parameters of so
(Aryal 2013). In practice, if 7 is a random variable having many distributions among which Nasir et. al. in 2013 used
a log-logistic distribution, then Y = log T is a Random the technigue to estimate the scale parameter of log-
variable that follows a logistic distribution (Santana &¢ ngistic distribution under the assumption of no-
al.2012). informative priors (uniform and Jeffrey's). Hence in this
Rayesian inference is an estimation technique work we used the same technigue but with the assumption
that uses a prior information or knowledge about the of informative priors (Maxwell and Chi-square) to
distribution of interest in combination with the available estimate the scale parameter of log-logistic distribution.

information (in form of likelihood) of that distribution to
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MATERIALS AND METHOD this case it is assumed that our data is a random sample
Bayesian setup ) RL
The likelihood function of a distribution is denoted as i) e henc ‘p(xla)_g P(x 1a)- Thus.
p(x|a). x herz denotes the vector of the observed inferences on a are given by the posterior distribution:
data X={ X1 Xgyeeny Xy } 1
x|a)p (a
p(alx)=- Pxla)p (2) ()

I p(x]a)p(a)da

—00

p(a|x)« p(xla)p(a)

Mode/ and Likelihood function
The probability density function(PDF) of log-logistic distribution is given by:
ax™

f(xa,b)= . wherex,a,b >0 2
b® {1+ (XJ }
b
The cumulative distribution function(CDF) is given by:
F(x;a,b):% wherex,a,b >0 (3)
X
1+ —
.
Here a is the scale parameter while b is the shape parameter.
The likelihood function of the distribution is as follows;
ngiln){"l
L(xa,b)= a - -
n 3
Erﬂmbgzizzl:l {1 [bj }
Zn“mx.a*l Ziln{h Ll a}
L(xa,b)=a"x¢"  x/m™Mxp = &)
Zn‘lln&a’l—na Inbziln{pr %)

L(xa,b)=a"" B (b] (4)

Prigr distribution
. Chi-square prior is assumed to be;
p(a)ca*'7? wherek,a >0 ()
2. Maxwell prior is assumed to be;
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aZ

p(a)ca® = whereaa >0 (B)

Lass and Risk function
In this study, we applied the squared error loss function(SELF) which is symmetrical and precautionary loss function(PLF)
that is asymmetrical.

. The squared error loss function is given by;

L(d,a)=(ay —a)2 (7)
Where & ¢ denotes the Rayes estimatar of « relative to the SELF and it's given by:
éy =E(a|x) (8)
The risk function of the SELF is:
4, - Efa?)-[E(@)] g
. Precautionary loss function introduced by Norstrom (1936) is an asymmetric loss function which is given as:
~ 2
a  —a
L(&.a)= M (10)
a o
Where a o denotes the Bayes estimator of « relative to the PLF and it is given by:
d,=\/E(a’|x) {D)

Hence the risk associated with the PLF is:

RA, = 2[\/@ _ E(a)} (1)

Bayesian Analysis under the assumption of Maxwell prior
The posterior distribution is derived as;

Zn:m ¥ -na Inb -2zn“|n{1+[2)a }E:

a n+2£ i=1 o1
p(a |x)= n — (1)
® DI t-ra IanZIn{h[E] }aa
J'a n+2€ i=1 i1 da
0
Rayes estimate of the scale parameter using Maxwell prior under SELF;
Zn“lnﬁ‘l—mlnb-zzn:m{u[‘]a a’
©a n+3£ i Py b xa
E(alX):J- - - - - da (|4)
0 ]3 mealmlnszm{h[E] }:
a n+2€ i=1 i1 da.
0
Corresponding posterior risk of the estimate under SELF;
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n+4£2|n)¢’1 na Inb— ZZIn{
a i=1

® Z"Inxf’1 na Inb - ZZIn{ [
J'a n+2 i

G
iE

R, = |
i da

Rayes estimate under PLF;

[

n+3£|1

a

Zlmqa “_malnb- ZZIn{ +( ﬂ_:

i

Z:Inx,a’1 nainb— ZZIn

n+2€|1 i=1

n+4£| =1

RSN IF

i=1

E(a’lx) j

an+2£|1

O 8

Posterior risk of the estimate under PLF;

Zlmqa 2 _mainb- 2Z|n{1+(

Zlmqﬂ < malinb- ZZIn{ ( ] }%

n+4€|1

©

&]a a?
~ b a

da

Zlmqa < malnb- ZZIn

n+3€|1

7

;/

BRI

T

a

Ta n+2£;lnx‘a < ralnb- ZZIn{ +[ J }g

Bayesian analysis under the assumption of Chi-square prior
The posterior distribution is derived as follows;

ZIn)qa “_ralnb- ZZIn

i=1

an+k 1£| -1

p(a|x)=

da —.T
0

an+2€|1

|

T

0

J'a n+k— lfl_l

0

z:lnx,al nainb— ZZIn

i=1

BT

da

Bayes estimate of the scale parameter using chi-square prior under SELF;

Zlmq“ nainb— ZZIn

i=1

n+k£|1

H&j }2

o

da

E(a|x):I

]Ea n+Kk-! 1€ i=1
0
Corresponding posterior risk of the estimate under SELF;

qu“ na Inb - ZZIn{h[ J }1:

an+k+1£.1 i=1

Zlmqa “_ralnb- ZZIn

i=1

]

N}

a
2

da

n+k€|1

Z|nxf‘ 2 _ralnb- ZZIn

me,H naInb— ZZIn{ (

da —

R, =
0 ©
J‘amk 1)
0

Rayes estimate under PLF;

3 ingi-minb- 2?{1{&)}172

2

da

T

12

da | (1)
da

(IR)

da W)
da

(18)

(19)

da | (20)

iy

Ta n+k— lﬁ‘ =1
0

S instra Inb - ZZIn{ {%ﬂ,

da
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zn:In>qa’1—r1a Inb Ziln{h(g]a }a;

o a n+k+1£ i=1

da (20

VE@* )= ]

Posterior risk under PLF;

n

0 ® ) Zlmqa'l—ra Inb—2i|n 1+ % "
Ia nk-1yiT i1
0

n

I -nanb —Ziln{h[%}a }a—;

} ?da

n 2

> i -nan b—Ziln{lﬁ-(%]a }%

R o a n+k+l€ i=L o a n+k£ i=1
R, =2 -f da |(22)
’ 0 anlmqa’l—m Inb—zznlln{h[ija :|+£ 0 znlln>€’1—mlnb—22nlln{l+[ﬁja }i
J'a n+k—1€\:1 i b 2 da J'a n+k—1€ P} = b 2 da
0 0 i
Simulation study estimates of the parameter under the assumption of non-

In this study, we perform a Monte-Carlo
simulation study of 1000 runs using different sample sizes
(n =10,30,50,70 & 100), the log-logistic samples

were generated for the assumed values of scale
(@ =0.5& 4)and shape (b =1& 5)parameters.

Also, for the purpose of comparison, we simulated the

informative priors (Uniform and Jeffrey's)

RESLLTS AND DISCLUSSION

We present the tables below showing the Bayes
estimates and Bayes posterior risks of the scale
parameter of log-logistic distribution under the
assumption of Maxwell, Chi-square, Jeffrey's and
Uniform priors.

Table 1.I: Bayes estimates and corresponding posterior risks (in parenthesis) under SELF assuming @ =2and b =5

prior a=2,b=5
n 0 3 all 70 (o
up 2.29837 205760 2.0a760 2.03198 202632
(0.37436) (0.10230) (0.05915) (0.04113) (0.02870)
JP 2.33704 2.09101 20648 2.03303 2.03144
(0.38789) (0.10184) (0.05308) (0.04137) (0.02884)
a=05 2.29916 2.0738! 2.07486 205394 202864
MP (0.37087) (0.10010) (0.06023) (0.04210) (0.02878)
k=05 2.29815 2.0947 2.0a6a7 2.0407k 201757
CP (0.36963) (0.10217) (0.05811) (0.04139) (0.02843)
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Table 1.2: Bayes estimates and corresponding posterior risks (in parenthesis) under PLF assuming @ = 2and b =5

prior a=2,b=5
n 10 3l all 10 100
up 2.33472 211060 2.00935 2.0427 202818
(0.38762) (0.103a3) (0.05431) (0.04162) (0.02875)
JP 227381 2.0807a 203731 2.02a74 2.0240a
(0.14822) (0.04772) (0.02822) (0.02011) (0.01409)
a=05 78964 191359 90482 1.96205 96883
MP (0.09543) (0.04008) (0.02533) (0.01887) (0.01329)
k=05 76845 1.93084 95608 196122 [.987R5
CP (0.09468) (0.04030) (0.02538) (0.01863) (0.01343)

Table 3.I: Bayes estimates and corresponding posterior risks (in parenthesis) under SELF assuming a =4and b =5

Prior a=4b=5
N 0 30 all 70 (00
up 4 BabTa 417304 413324 407383 404213
(1.52441) (0.40560) (0.23891) (0.16539) (0.11419)
JP 4 1245 415120 413438 406779 406430
(1.43137) (0.40049) (0.2394b) (0.16a1) (0.11542)
a=05 427930 420030 417213 408276 404214
MP (1.48734) (0.41170) (0.23728) (0.16BER) (0.11417)
k=05 465022 411897 411665 407928 407503
CP (1.02836) (0.40827) (0.23644) (0.16622) (0.11605)

Table 3.1: Bayes estimates and corresponding posterior risks (in parenthesis) under SELF assuming a =4and b =5

Prior a=4b=5
N 10 30 all 70 100
Up 466903 419074 411138 408928 40586
(1.536a8) (0.40957) (0.23662) (0.16636) (0.11512)
JP 4 4178l 410108 406398 407042 403696
(0.29463) (0.09408) (0.05628) (0.04033) (0.02808)
a=05 2.00988 37104 3.44783 3.08024 3.68048
MP (0.12161) (0.06006) (0.04143) (0.03181) (0.02357)
k=05 2.a0241 3.1900t 344783 3.a7176 3.68310
CP (0.12149) (0.06042) (0.04143) (0.03175) (0.02359)
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From the simulation analysis, it can be seen that
the Bayes estimates of the parameter approaches the
true value as expected with increasing sample size.
Furthermare, it is revealed that the estimates obtained
under Maxwell and chi-square priors constitutes almost
similar risks. However, it is obvious that estimates
obtained under these informative priors outperforms
those obtained under non-informative priors and again we
can see that the PLF gives better estimates than the SELF

CONCLUSION

This study estimated the scale parameter of the
log-logistic distribution using two informative priors
(Maxwell and chi-square) under SELF and PLF. From the
results obtained, it can be concluded that the PLF is
preferable for obtaining the Bayes estimates of the scale
parameter of the distribution. In addition, the
performance of the informative priors used in this study
is better than non-informative (Uniform and Jeffrey's)
priors for each of the loss functions. therefore, the use of
PLF under informative priors is recommended for the
estimation of the parameter in question.
Further researches can be undertaken using other priors
and loss functions.
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