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ABSTRACT

This research paper presents a computational fluid dynamics (CFD)
approach to modeling pulsating blood flow with magnetic particles
through a stenosed artery under the influence of an applied magnetic
field, oscillating pressure gradient, external body acceleration, and slip
velocity. A mathematical model was developed to describe the coupled
dynamics of blood and magnetic particles, and the governing
equations were solved analytically and simulated using MATHCAD
software. Key findings indicate that blood velocity and magnetic
particle velocity can be modulated by adjusting the magnetic
parameter. In the absence of stenosis, blood flow remains constant
along the axial coordinate. However, within the stenosed region,
significant variations in blood velocity occur, with peak velocity and
shear stress observed at the throat of the stenosis. Notably, shear
stress is higher near the artery’s longitudinal axis in stenosed areas,
while it remains relatively constant in non-stenosed regions. The study
underscores the potential of CFD modeling in understanding complex
hemodynamic behavior within stenosed arteries. By incorporating
magnetic fields and external influences, the model provides valuable
insights into blood flow regulation, which could benefit cardiovascular
diagnostics and treatment strategies. The ability to control blood and
particle velocities through magnetic parameters suggests promising
applications in targeted drug delivery and non-invasive therapeutic
interventions. Future research could refine the model further by
incorporating patient-specific data and exploring real-time clinical
applications.
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INTRODUCTION

Heart disease is the leading cause of
death in the world and is principally caused by
atherosclerosis in the coronary arteries which
provide blood supply to the heart muscle. Patient-
specific computational models of blood flow in the
coronary arteries have emerged in recent years as
a clinically important technology to aid in the
diagnosis and treatment of heart disease [1]. The
use of patient-specific models of blood flow in

coronary arteries is supported by robust clinical
data demonstrating accuracy against direct,
invasive measures [2-5] and safety, efficacy and
cost-effectiveness when introduced into clinical
care [6-10].

Patient-specific computational models
of coronary artery blood flow incorporate
mathematical models of blood flow in arteries [11-
13]. Any mathematical model of blood flow in the
circulation includes at least three elements: first, a
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geometric description of the anatomic region of
interest; second, the mathematical “governing
equations “enumerating the physical laws of blood
flow within the region of interest; and, third,
‘boundary conditions” to define physiologic
relationships between variables at the boundaries
of the region of interest. While the anatomic region
of interest and the boundary conditions are unique
to each patient and the specific vascular territory,
the governing equations describing velocity and
pressure are universal and apply in different
patients and other arterial beds.

Patient-specific models of coronary
artery blood flow can be used to predict outcomes
of coronary artery revascularization procedures, to
identify patients at risk of having a heart attack,
and to model tissue perfusion of the
microcirculation by coupling with emerging models
of cardiac function. In this research work, we
provide a state-of-the-art computational method
for, and applications of, quantifying blood flow in
patient-specific models of the coronary arteries.

According to the previous research, the
blood flow issue has been divided into two
characters, namely, Newtonian and non-
Newtonian fluid. Following various blood models,
the impacts of artery wall elasticity, flow of blood
with heat transfer, fluid particle transport are
investigated [14-16]. Since blood consists of
blood cells and plasma and generally approaches
as a Newtonian fluid. Nevertheless, in accordance
with the blockage artery conditions, blood should
be considered as a non-Newtonian nature [17].
Though doctors use diagnostic parameters as a
practical purpose, the application has not been
well established in early studies. The general
diagnostic parameters [18,19] are fractional flow
reserve (FFR), pressure drop coefficient (CDP)
and lesion flow coefficient (LFC) which have
common application. Numerical simulations of an
oscillating flow past in the conduits of plane
through the wall obstacles of the square have
been reported by investigator [20]. Such outcomes
are of eminent gusto as the pulsatile flow area is
employed. Liao et al. [21] have studied a bell-
shaped constriction for three various patterns of
flows of pulsaton and decided that the
perturbations of characteristic flow parameters

influence the flow area in case of physiological
flow. Halder et al. [22] have discussed the
comparative analysis between Newtonian and
non-Newtonian fluids through a stenotic vessel.
Razavi et al. [23] have numerically investigated
the flow dynamics through an axisymmetric
common carotid stenotic artery varying blockage
intensity 30-60% under Newtonian and non-
Newtonian blood rheological models.

A numerical investigation may have
great impacts on the essentiality of applying
patient-specific inflow velocity profiles to examine
the thoracic aorta disease states using finite
element method [24]. In 3D bifurcated carotid
artery, the hemodynamic changes have been
investigated for the bifurcation angle of symmetric
and asymmetric due to steady and pulsatile flow.
The simulated results reveal the significant
difference in behavior between steady and
pulsatile flow [25]. Lakzian et al. [26] have studied
the Newtonian and non-Newtonian unsteady
blood pulsatile flow in a 3D curved stenotic artery.
The findings point out that the maximum wall
shear stress occurs at the neck of the blockage.
Abbas et al. [27] have numerically investigated the
pulsatile blood flow through an arterial overlapping
stenotic blood vessel under the action of periodic
body acceleration. The Sutterby fluid model
characterizes the blood rheology. The software,
COMSOL Multiphysics [28] is used for solving the
set of governing equations, subject to the
corresponding boundary conditions.

Hence, in the present research, the
most well-known blood constitutive equation
namely, the Carreau model as a non-Newtonian
fluid has been activated in an attempt to examine
the blood pulsatile flow through the stenotic and
bifurcated left coronary artery. A numerical model
of arterial blood flow is induced for two-
dimensional (2D) and 3D bifurcated geometry to
give the idea about the hemodynamic changes, to
provide clinical diagnosis treatment and to
establish a comparison between Newtonian and
non-Newtonian ~ flud. The  non-Newtonian
importance factor has also provided a new
concept for arterial flows.

Despite advances in CAD diagnostics,
existing methods often lack accuracy in non-
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invasively assessing coronary artery health.
Computational models of coronary artery
hemodynamics are underutilized in clinical
settings, due to the complexity of creating
accurate simulations that reflect patient-specific
conditions. This proposal seeks to address this
gap by developing a CFD-based model capable of
simulating coronary artery flow and pressure,
potentially improving diagnostic accuracy and
treatment outcomes

Formulation of the problem

The model formulation of the problem
involves the application of computational fluid
dynamics (CFD) to simulate blood flow and
pressure within a coronary artery, specifically
under conditions of stenosis (narrowing of the
artery). The formulation is designed to analyze the
fluid  behavior, including  non-Newtonian
characteristics, pulsatile flow, and the influence of
external forces such as magnetic fields and body
acceleration.

The model is structured around several
key components that define the blood flow
dynamics in a coronary artery. Firstly, the artery
geometry is represented through realistic models,
including Figure 1(a), which illustrates the human
coronary artery, Figure 1(b) showing the left
coronary bifurcation, and Figure 2 depicting a
stenosed artery, where narrowing affects the flow

Plaque of Left Main Coronary Artery
(LMCA)

Right
Coronary
Artery

Circumflex
Artery

[ eft Anterior Descending Artery

dynamics. The stenosis model accounts for the
artery's narrowing along the axial coordinate, with
severity varying along the artery’s length and
mathematically described by Equation 1. Blood is
modeled as a non-Newtonian fluid using the
Bingham plastic model, which incorporates
blood's yield stress and its inability to flow until a
certain threshold of applied stress is surpassed.
This non-Newtonian behavior is crucial for
accurately simulating blood flow, especially under
varying flow rates and stresses. The model also
includes an applied magnetic field that affects the
behavior of magnetic particles suspended in the
blood, which are assumed to be uniformly
distributed and interact with both the fluid and
magnetic field along the artery’s axis. The flow
conditions are characterized by pulsatile blood
flow, with a cyclic variation in response to the
heart's pumping action, along with an oscillating
pressure gradient along the artery’'s axial
direction. Additionally, periodic body acceleration
is considered to account for the impact of external
forces like body movement or respiration on the
flow dynamics. Lastly, a slip velocity is assumed
at the stenosed wall, meaning that the fluid near
the wall does not adhere strictly to it, allowing for
slip-like behavior in constricted regions, which is
an important factor in regions with turbulent or
high-shear flow.
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Figure 1: (a) Human realistic coronary artery (b) Left coronary bifurcation model used in the study
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R(O) 1 otherwise

(1)
Where

R(z) is the radius of the artery in the stenosed
region,

R(0)=R, is the radius of the normal artery,
Ly is the length of the stenosis,

dis the region of the stenosis and
_ é_,:s mm/(m—l)

V==

R(0)Ls | (m=1)
height of the stenosis at
z=d+ (Zo /mm/(m_l))

£ /R(0)<1.

is the maximum

such that

The considered model for the blood
motion consists of Navier-Stokes equations, the
constitutive equations of the Bingham plastic fluid
and the following Maxwell's equations of the
magnetic field:

V'BZO’ VXB:/IQJ, VXE:—aa—B’
t

(2)

Estternal constant magnetic field 5,

where B isthe magnetic flux intensity, Ho is
the magnetic permeability, E is the electric field

intensity and J is the current density given by
J=O'(E+V><B), 3)

O Deing the electrical conductivity and V is
the velocity field

The electromagnetic body force Ko, is defined

as
F,, =JxB=0(E+vxB)xB=0Bu(r,)k, n

where K s the unite vector of the Z -direction

V= L_l(l", t)k

and is the axial velocity of the

blood. The electromagnetic body force K, is
inserted in the momentum Eq. (5).

In the assumption that the ratio of the
maximum height of the stenosis and the radius of
the non-stenotic region, respectively, the ratio of
the radius of non-stenotic region and the length of
stenosis are much smaller than the unity, the
governing equation of motion and stress tensor
are given byl23l:

Momentum equation

EHE DAt
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The constitutive Bingham plastic model

stress tensor 7 of the form [0

1 _ﬂ[z_ﬁ} for7zr,
r

(6)

6—lf: 0, for;<;y
or 7

where Y is the axial velocity of blood, v is the

velocity of particles, ! is the time, P s the

pressure, 7 is the shear stress, G(t) is the body

acceleration, B, is the externally applied

constant magnetic field, OQ is the yield stress,
P is the density of blood, # is the dynamic

viscosity of the blood, K is the Stokes constant,
N s the number of magnetic particles per unit

—\WV—u
volume and  ° is the interaction
between motion of blood and magnetic particles.
We considered the Reynolds number of the
relative velocity is small; therefore the force
between blood and magnetic particles is
proportional to the relative velocity.

ale

The periodic body acceleration and

=
pressure gradient 92 for £>U  which
appears in Eq. (5), have the expression of the
following forms [101;

5(;): By COS(Z)b;-i-(D), (8)
—i(;, ;): Ay + A4, cos(Z)p;),

oz 9)
where o :27”71’ is the frequency, -717 is the

pulse rate frequency, ? is the lead angle of the
body acceleration with respect to the pressure

wp =21f

gradient, 7 is the heart pressure

frequency, I is the pulse rate frequency, Ao is
the amplitude of the steady state pressure

gradient, and 4 is the amplitude of the
oscillating pressure gradient.

The motion of nanoparticles in the vascular
system is governed by a number of forces ['6l. In
the current investigation, we consider the fluidic
force and the unsteady flow analysis are
implemented. Therefore, the motion of magnetic
single particle is governed by Newton's law for
dynamic of particle motion

M%:ZFextﬂ

where M is the mass of the single nanoparticles

(10)

and 2 Fext = Fo + 5 + Frio represents all

the external forces exerted on the particle from

F, F,

which ~m s the magnetic force, is the

buoyancy force and Friood s the fluidic force.
The fluidic force experience by a particle,

assuming a Reynolds numberRe<1 s
predicted using Stokes's law for viscous drag on a
sphere

Fyiood = _6”quhyd, p (; _L_l) (11)

E
where ~ ™4P s the effective hydrodynamic

radius of the particle, v is the particle velocity,

the “ sign indicates that the fluidic force acts
opposite to the direction of the particles motion.
We predict particle motion when only the force on
the particle is fluidic and no buoyancy force

M = kla-v)
ot (12)
K=6
where 7Ehya.p is the Stokes's constant.

2.2 Initial and boundary conditions
To the proposed problem, we consider the
following initial and boundary condition

u:VZO, at t:(), (13)
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u=u,andv=v, at ;=E(2)7 (14)

Tis finite, at r= 0, (15)

where Ys> Vs are the slip velocities at the
stenotic walls (see Fig. 1)

The dimensionless forms of the governing
equations are obtained by considering the
following dimensionless variables:

u= ,z{ , V= ,12} , 0= zv s Rz):@
Ay Ro /4y AyRo/du 4,R0/2 Ro
tmiwy, A=A et g BT
A Ro Ay Ro
us Ve W 7
U =——; s, Vo= , ==, T=—=
AyRo l4u AyRo/4p Wy A R0 /2
(16)
Egs. (5), (12) and (7) becomes:
2 4R ()2 L (o)~ Heba,
ot ror (17)
> L)
T=0—la—u; fort>46
u =0, forr <6

The dimensionless initial and boundary conditions
are:

u:VZO, at IZO, (21)
u=u,, v=v, atr =R(Z) (22)
ris finite, at r =0, (23)

— =2
wpRo
g2=rr p,a

where H is the Womersley

Ha = \/EBOEO
frequency parameter, H is the

—2

R
R = KNRy
Hartmann number, H

is the particle

Mp

G= —2
concentration parameter, PROKis the
particle mass parameter and

£(t)=4](1+ Acost) + Bcos(wt + )|
It is important to point out that, if the particle

concentration parameter is zero (R1 =0 )and no

magnetic field effect (Ha:0), then Eq. (17)

represent the classical model which was given by
0],

Solution of the problem
Let the blood velocity > the magnetic

particles velocity ¥ and the shear stress 7
expressed in the forms:

u(z, r, t): uo(z, r,t)+ azul(z, r,t)+... (24)

Z'(Z, r, t): ro(z, r,t)+ azrl(z, r, t)+... (25)

v(z, r, t): vo(z, r, t)+ azvl(z, r, t)+... (26)

Substituting% , ¥ and T from Eqgs. (24)-(26) into

Egs. (17)-(19) and equating the coefficients of
0 2

O and & | respectively, we obtained:

f(t)+R1(V0 _”0)_Ha2”o _EE(MO)= 0,
ror

(27)
UO _VO = 0, (28)
L g Lo
0 2 or (29)
and
ou
—0=R1(v1—u1)—Ha ul———(rz' ,
ot ror (30)
Doy v,
ot (31)
,oo_Llom
: 2 o (32)

Substituting Egs. (28) and (29) into Eq. (27), we
obtain

26[{ _l%ﬂmazuo_f(t):o,

ror 2 or

Making the change of function

(33)
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Hazuo_f(t)zzFo(r,Z,t), (34)
Eq. (33) becomes

2
rai—l-%—Haszo =6Ha>.

ot or (35)
We seek the solution of Eq. (35) in the form of
power series as

Fy = ZC,, (z,t)r
n=0

It follows that, the general terms for Cora and

Cannz can be immediately followed,

respectively as:
i
il

(36)

%%M{JJ@%

‘.- ( @ jz(,m) G

[(+1)P S (38)
Fy (r,z,t)

2
The function

Rrz1)=G, +iczn+1r2”“ +icz,,+2r2’”2

is expressed as:

_c0+eHa222H@2”( n JM

(2n+1)

%g’j“j " [(i;]z

which can be written in the simpler form

(39)

where
)= 4(1+1§G)L(t).
Ha™  dt (46)

2("+1) 2n+2
HL) ”—]h(,),,

~ p 1 i{ 2t
Kz —Q(zt)%(Hﬁj’mn#)]z( 5 ? -(40)

The solution “0 can be expressed as
_2F, (r,z,t)+ f(t)

0 -_— A .

Ha’® (41)

uO:u

Using the boundary condition s at

r=R(z) , we obtain

G o)=L {Hazus - f(t)—ﬁ&]azb(z)}

Tl a(HRG)
(42)

1 |:HaR(Z):|2n+l

2

PR T

and 1o is the modified Bessel function of order

Zero.

The solution of Y0 and 0 can be readily
expressed as

VO = uO,
(43)
1 0F,(r,z1)
TO = 9— > a—
Ha r (44)
uo,

Following the same procedure for obtaining

Vo and 0 the Y©° M and T canbe
achieved similarly.

Substituting Egs. (31) and (32) into Eq. (30), we
obtain:

[( + 1T

The solution of the problem (45), (46) with the
u,(R(2),z,t)=0 s

(45)

boundary condition
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2n+2 2n+2
Ha] rett

u, (r,z,t)z hilt) r o+ D, (z,t)+ D, (Zt)i(

2 ((n+1)1)?
w h(t) p2 w 2n+1
+SD 2w _ & R (Z)+ZM:ID2n+1R i (Z)
Z 2n+1r ’ 0o - 1+ Zw (Ha )2n+2 R2n+2(z) .
n=1 n=0 2 ((nJrl)/)z (47)
order to have a more general solution, we have
- % T . . determined an analytical solution by means of the
The solution of "1 and “! are immediately

integral transform method (Laplace and finite
Hankel transforms).

—u -G ov, _ 1 Ou, Applying the Laplace transform, with respect to
- "

follow as

E, L= > " me timgvariablet, to Egs. (17), (18), then applyipg

e finite Hankel transform of order zero, with
respect to the radial variable r and applying the
inverse transforms we have the velocity u(z,r,t) in
the following form:

The above obtained solution represents an
approximate solution and it was determined under
assumption that the Womersley number o. has
small values. This is a very restrictive condition. In

2u, i Jo(rr,(2))
R(z)Zir,(z)J(R(z)r,(z))

2 & S (rr(z))
N (z, S (z,t— dr,
) Jf(R(z)rn(z)){ (27500 e

u(z,r,t)=u,—

M (z,t)+

(49)
where,
Mot @G (2 a2 ) i (z) e
a G(qln(z)_an(Z)) qln(z)
a’Grl(z)q,,(z)+r’ (z) e )" 1
a4G(qln(Z)_q2n(Z)) an(Z) , (50)
Nn(Z,t): - aquln(Z)+1 eql,,(Z)t_ Z aquZn(Z)+l e‘lzn(z)t,
@*G(q,,(2)~0,,()) @'G(q1,(2)=4:0(7)) -
S (z,t)=4p,(z)(1+ Acos(t)+ Bcos(wt+¢ ))+0o,(z), (52)
R(z) R
p,(z)= J(R(2)1,(2), 0,(z)==20 [ J,(rr,(z))dr
r(2) 0 (53)
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A1+ G(R+ Ha'+77 ()| [1+ GR+ Ha'+ 1 )] —~AG(Ha’ +1;(z))

4,(2).9,,(2)=
d rn (Z)

an are the positive roots of the

Jo(R(z)1,)=0

transcendental equation

ANALYSIS OF RESULTS AND DISCUSSION

We have investigated the mathematical
model that represents the non-Newtonian flow of
blood through a stenosed artery in the presence of
an external magnetic field perpendicular to the
flow direction. A periodic body acceleration and an
oscillating pressure gradient along the flow
direction are considered using a time-periodic
function (Fig. 2). Under the assumption of small
values of the Womersley number, approximate
solutions to the axial velocity of fluid and
suspended particles, as well as to the shear
stress, were determined. Numerical calculations
were performed using MATHCAD software to
analyze flow parameters. The computed results
are illustrated in Figs. 3-5 to provide quantitative
estimates.

Figures 3 and 4 depict the variation of
dimensionless axial velocity with the axial
coordinate for different values of the Hartmann
number and time . As expected, in the absence of
zstenosis, axial blood velocity remains constant at
each instant and in each circular fluid layer.
However, in the stenosed region, significant
velocity variations occur. The fluid velocity
increases slightly in the stenotic area but rises
significantly at the maximum stenosis height,
where the orifice diameter is smallest.
Additionally, an increase in the Hartmann number
(stronger magnetic field) results in a substantial
variation in axial velocity. Lower Hartmann
numbers lead to higher maximum fluid velocity
due to the reduced influence of the Lorentz force,
which opposes the motion of the electrically
conducting fluid. The externally applied transverse
magnetic field effectively decelerates blood flow.
Figure 5 illustrates the impact of different
Hartmann numbers, radial positions, and axial
positions on shear stress within the stenosed
artery. The results indicate that shear stress

200G

Stenosis geometty

Welocity wzrt)

Function 5

|

2

Ln
T
!

Welocty wizr.b)

(54)
consistently decreases in the presence of a
stronger magnetic field. Peak shear stress is
observed at the throat of the stenosis, highlighting
its significance in arterial wall deterioration. The
shear stress distribution plays a crucial role as the
generation of tension on arterial walls is linked to
potential damage.
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gradient and body acceleration
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Fig. 3. Profiles of the axial velocity u(z,r,t) for time
t = 1 and for different values of Hartman number
Ha
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Fig. 5. Profiles of the shear stress (z,r,t) for time t = 1, 1= 0.75 and for different values of Hartman number Ha
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CONCLUSION

This research presents a mathematical
model that describes pulsating blood flow and
magnetic particles through a stenosed artery
under various conditions, including a magnetic
field, oscillating pressure gradient, external body
acceleration, and slip velocity. The study finds that
blood and magnetic particle velocities can be
controlled by adjusting the magnetic parameter,
and that in non-stenosed areas, blood flow
remains constant, while significant velocity
variations occur in stenosed areas. The shear
stress is constant in non-stenosed regions but
much higher in stenosed areas, with peak velocity
and shear stress occurring at the stenosis throat.
CFD simulations reveal disturbed flow patterns,
elevated wall shear stress in stenosed arteries,
and significant pressure drops, which correlate
well with clinical FFR measurements. These
results validate the model's accuracy and
reliability in clinical settings. The framework offers
a structured approach to applying CFD in coronary
artery disease diagnostics and treatment
planning, confirming its effectiveness in improving
diagnostic and therapeutic strategies. This study
lays a strong foundation for future CFD-based
research in cardiovascular interventions.
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