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Abstract

A p-group B is said to be an o »-group it it contains & non-Abelian subgroup of index p™* but all its subgroups of index P

n

are Abelian, Every non-Abelian group of order i is either an o+ -group or <+ 7-group. For p = 2. there are 14 groups of order

16, 5 are Abelian, 5 are Ar-group and £ are Az-group. The purpose of this study is to give all subgroups of As-group of order 16

and present subgroup lattice diagrams.

Key Words: p-group, ¢ ~group, <# 3-group, Subgroup Lattice

INTRODLCTION
The theory of lattice and subgroups lattice of a

group 4 is very important and has many interesting
applications. This lively branch of mathematics can be
traced back to the work of Dystein Ore (1937.1938), where
he proved that a group 4is locally cyclic if and if its lattice
subgroups is distributive. If in addition the lattice
satisfies the ascending chain condition, then the group is
cyclic. Another interesting application can be found in
fuzzy groups. The number of chain of subgroup lattice of
group £ and the number of fuzzy subgroups of a group
are closely related, see (2], (3], (4], (5], [6] and 7). In
this wark, we present the subgroup lattice diagram of all
9-groups for g = 2. Such diagrams can assist in
counting the fuzzy subgroups of these 4 2-groups.
Preliminaries

In this section, we give presentations of the
9-groups for g =12, some basic definitions and
theorems that will be used in our main results. A zgroup
f'is said to be an 4 ~group if it contains a nonabelian
subgroup of index 7" but all its subgroups of index &

are abelian [8). Furthermore, every nonabelian group of
order £ is either an o# |- or < 7-group [8). Therefore, in
what follows, we let p=27=4 so |4=2" The
presentations of all £ 7-group of order 2 is given below;
L lh=(alld=F=14=3"
2805 = (afld = =14=47)
3ls=(ald =\4=44=3
bhxhh=(abdd=F=070=\7=35"a=cab= b
Sh*li=(abdd=F=\7=07F4=35 b= char= ca
Baxb=(abdd=>F=1d=F7=35"a=cabe= ch
Definition
A partially ordered set or POSET is a set P and binary
relation < such that for all 4, 4, € 7
. a< (Reflexive)
2. a< hand < cimplies 7 < £(Transitive)
3. @< band 4 < gimplies 7 = 4(Symmetric)
A pair of elements 4 #is comparable if 7< £ or
b < gotherwise they are incomparable. A POSET without
incomparable elements is called a totally ordered. A
non-empty subset S of P is a chain in P if § is totally
ordered by <.
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Definition

let #< be a poset and let < # An upper
bound for S'is an element x € Ator which 5 < x for all
s € S The least upper bound of §is called the supremum
or join of § A lower bound for S'is an element x € Pfaor
which x < s for all s € The greatest lower bound of §'is
called the infimum or meet of 5 POSET A< is called a
lattice if x. y elements of P has a supremum and an
infimum. The set of all subgroups of 4 under the
“subgroup” relation is a lattice. This lattice is called the

Theorem (Lagrange Theorem) [1]

It His a subgroup of a finite group b, then the
order H divides the order of Gand |£] = | A1 14/ 1.
Theorem [7]

It G is a finite group and # € £ thenthe order of ais

a divisor of order of 6.
MAIN RESLLTS

Thegroup s = (a4 = £ = 1.4 = 7')is
an # 2-group, the elements and order of each element is
as presented below:

lattice subgroup of G.

Order Elements

| {}

7 4 bhahdbdhdbshahdh
4 7.4

8 add

Obviously, the trivial subgroups are J itself
and the identity { £}. By Lagrange's theorem, all
non-trivial subgroups of 5 can have order 2.4, or 8. We
determine all these subgroups and use it to construct the
diagram of lattice subgroup of the group.

Subgroups of Order 2 for Js

Let M be a subgroup of order 2. Since 2 is a
prime number, then M is cyclic. Thus, M is generated by an
element of s of order 2. Hence. all subgroups of order 2
are (#)={g 4},

(by={e B {at)y={g alt (7 H)={e B {Fh)={e #h}(a
‘W=le 0.2 b)={e 2B(FH)={e FH(IH)={e 74
}. As a result, we obtain 9 subgroups of order 2 for Zs.
Subgroups of Order 4 for J&

Let K be arbitrary subgroup of Zs of order 4. By
theorem 1.3, the elements of K must have order 1.2 or 4. If
K consist of an element of order 4, then Kis cyclic an its
generator is (#)={g &. &, #1. If Kis generated by

elements of order 2, then K does not have elements of of

order 4. By taking the products of all elements of order 2,
we found all subgroups of order 4 generated by elements
of order 2 are

(8 b={ed b 407 ab)={g & ab 7 L}(d #5)={
e d 7604 Fb={e & 74 74 Hence, we have
a subgroups of order 4 /.

Subgroups of Order 8 for Js

Let P be an arbitrary subgroup of order 8, if P contains an
element of order 8, then P is cyclic. The generator of this
subgroup is (a)={e 2 . #. 4. &. #, #}. To get other
subgroups of order 8, we take all possible products of
elements of order 2 and order 4. From these products we
wt(Z.H={ed & I 63446 4

(&.aby={e 4.4 & ah dh2b 46 Thus, we have 3
subgroups of order 8. From this result, we have the
diagram of lattice subgroups of Zs which is given below.
In what follows, we use a similar argument to obtain
subgroups of other groups and we present them as
follows;
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Subgroups of Order 2 for Ss

Using a similar argument we obtain subgroups
of order 2 for S/, which are (54) ={e #}(H)={e 8.
(6 2by={e 2 B.(e 4 6)={g 4 6}.(ed h)={g # £}. From
this, we get a subgroups of order 2 for S2s.
Subgroups of Order 4 for S4s

The subgroups of order 4 for S/ are also
obtained in a similar way and are given by (#)=

{e .4 #,

> \\

{ e}

(& b={ed b4 706 d 445 abh)={
e 4 ab 284 F#6)={e & 24 44 Hence, we have 5
subgroups of order 4.
Subgroups of Order 8 for SJ&

The subgroups of order 8 for S/ are 3 and are
given by. (d{ead & 424 7}
(7.0)={ed. 4.8 764538,
(2. aby={e 4.4 & abdhab 5.

Lex=, i)y

Caa® b))

it
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Subgroup of Order 2 for &g 3.9 Subgroups of Order 8 for &g

The subgroup of order 2 is given by (#')={z 4} We obtain 3 subgroups of order 8 for 4 and they are
Subgroups of Order 4 for ¢ givenby; (a)={g a 7. 7. 4. 2. 4. 7},

There are a subgroups of order |6 for 45 and they are (.0={ed.4.8 67676 34]),

given by (#)={e 7. &, #1. (4. hy={e . b #1}. (4. ay={e &. 4 & ab 7626 75

(4. aby={e. 4. ah 24} (4. #H)={e 4. #1441},
(8. 70)={e 4 7438

Qi
P ™
/(@(/Wz 5 alr)
fer™) {a*, by {at,ab) {(at,a*b){a™*, a’b)

N

(a®)

1e}

Subgroups of Order 2 for & x £ (86 0)={e c &b &b} (7 0)={e 72 b b},
There are Il subgroups of order 2 of /& = £ and they are (dc db6)={e #c b abc), (ab #0)={e ab 7 ¢ 7 b},
given by: (4. ar)={e #. ac, #}.

(2)={e #3(0)={e B(ab)={e at}(FH)={e 7 B(F} Subgroups of Order 8 for 4 * £

={e #8}(c)={e c}(F)={e 7 c}(br)={& bc}(abc) There are 7 subgroups of order 8 for Z& x £ and they
={g abc} (4 boy={e & bc} (& be)={e & be} are given by; (8 H)={e. 4 4. 4. b ab #4, 7 1,
Subgroups of Order 4 for & = £ (a00={ead & cacdc ol

We obtain 15 subgroups of order 4 of /& x £, these are (Z.b0)={ed brdbdc b d b,

givenby: (g )={e a 4. &}, (7. H={e 4. b, 7 1}, (&, ab 0)={g & ab c &4 & abc, 7 b},

(2. aby={e 4. a6, 28}, (7. c){e &.c 1}, (a bry={e a 4. 4. b, abr, & br, & b},

(2. be)y={e 2. be, # b2}, (. abc)={e #. abc, & b}, (b ac, #)={e b ac 4. ab. 74, &'c, & b},

(boy{e b c be} (b #0)={e b 4 7 bc}, (b, ac. #)={e ac, br, 8. # . # br, ab, & 1},

(ab. £)={& ab c, abc}, (# b, 0)={e ¢ # 4 & b},
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Subgroups of Order 2 for & * Li

There are 7 subgroups of order 2 for & * /i the central
product of Z& and /i) and they are

(2)={e #3(0)={e B(ab)={e ab}(FH)={e 7 B.(F
y={e #B}.(ac)={e ac}(Fr)={e &'c}.

Subgroups of Order 4 for & * £i

There are 7 subgroups of order 4 of /& * i which are
given by; (a)={g 2 #. #}.(#. Hy={e 7. 6, 7 4},

(8. aby={e #.ab, 28}, (#. ac)={e 4. ac. &'z},
(&.0={e d.c 40} (4. be)={e &. br. 7 bc),

(a?, ab, aXe)?, b, a3c) {a,c)

(@)

{a3c) {ac) (a?)

\\

(&, abe)={e 7. abr, & bc}

3.1 Subgroups of Order 8 for & * £;

We obtain 7 subgroups of order 8 for & * /i and are
givenby: (a H={e 2 4. 7. b ab 74 74},
(a0)={ead & cacdcdoh

(8 boy={e. 8 abc, #be. £ b 2. 7,

(. boy{ed brdbdc dhe b,

(8. 680={e 4. b 444 ac & b, abc),
(&.3b,c)={e &, ab 31, abr. . 71, & bc),
(8.ab,2c)={e 4. ab £, &c. ar, br, 4 o}

Dg * Cz].

/2/)\\\(

(a?, ab, c)

(a?, abc)

{(a?b) {(ab) {a®b)
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Subgroups of Order 2 for & * £ Subgroups of Order 8 for & = 3

We obtain 3 subgroups of order 2 for the group & x £ We obtain 7 subgroups of order 8 for the group 4 x £

given by: (#)={g #}(0)={e 2}(F0)={e 71} avenby: (a )={. a 4. . b ab, # 4,7 B},

Subgroups of Order 4 for & £ (a0)={ead & cacdcdcl.

There are 7 subgroups of order of 4 for the group £& x £ (8. 606 d bdbedc b d b,

and these are given by; ()={z 2 4. 7}, (a dbc)y={e a & br e &' be. & abc},

(&.0{e 4.0 4 (4. H)={e 7.6 78, (2.670)ed. 26 b & ac abe, 2 b},

(&. aby={e &. ab, # B}, (&, ac)={e 4. ac. # ¢}, (&.ab,c)={e &, ab c abr. 84, # ¢, & bc),

(&. bey={e . br, # b}, (a)={e 7. abc. & br} (2. ab #c)={e &. ab #c ac. b, b, 74,

) N

(a?,ab,a3cfa?,b,a3%c) (a,c) (a®,b,c) _ {a,b) (a,be)y  (a?,ab,c)
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